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ABSTRACT

Capability analysis is used in many facets of industrial processes and has been recently
introduced into business processes. In this paper a process capability index (Plpl) is
developed for the average of observations from new or unknown batches in the case of a
balanced random effects model. Using a Bayesian approach, theoretical and simulation
results are derived for the index under two different but related prior distributions. A medical
tablet manufacturing example illustrates the flexibility and unique features of the Bayesian

simulation method.
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1. INTRODUCTION

Process capability indices have been widely used in the manufacturing industry. They
measure the ability of a manufacturing process to produce items that meet certain
specifications. A capability index relates the voice of the customer (specification limits) to the
voice of the process. A large value of the index indicates that the current process is capable
of producing items (parts, tablets) that will meet or exceed the customers’ requirements.
Capability indices are convenient because they reduce complex information about the

process to a single number and measure relative variability similar to coefficient of variation.

There is a need to understand and interpret process capability indices. In the literature on

statistical quality control there have been some attempts to study the inferential aspects of
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these indices. Most of the existing work in this area has been devoted to classical frequentist
large sample theory.

As mentioned by Pearn and Wu (2005) a point estimate of the index is not very useful in
making reliable decisions. An interval estimation approach is infact more appropriate and
widely accepted but the frequency distributions of these estimators are often very complicated
which means that the calculation of exact confidence intervals will be difficult.

An alternative approach to the problem of making inferences about capability indices is the
Bayesian approach. In the Bayesian approach prior knowledge (or relative ignorance) about
the unknown parameters is formally incorporated into the process of inference by assigning a
prior distribution to the parameters (Box and Tiao,1973). The information contained in the
prior is combined with the likelihood function to obtain the posterior distribution of the
parameters. Inferences about the unknown parameters are based on the posterior
distribution. If the form of the posterior distribution is complicated, numerical methods or
Monte Carlo simulation procedures can be used to solve different complex problems such as
credibility intervals (Bayesian confidence intervals), ranking and selection, multiple
comparisons and run length for which the frequentist methods are not well developed in the
case of capability indices.

There appears to be a general acceptance of the idea that process capability indices can be
used only after it has been established that a process is in “statistical control” (for example by
the use of control charts). This is reasonable, if it is simply required that there are no irregular
changes in quality level. Kotz and Johnson (1993), Herman (1989) and Wolfinger (1998)

have drawn attention to the fact that there can be more than one source of variation.

Data arising from multiple sources of variability are very common in practice. Virtually all
industrial processes exhibit between-batch, as well as within-batch components of variation.
In some cases the between-batch (or between subgroup) component is viewed as part of the
common-cause-system for the process. It therefore seems worthwhile to develop a process
capability index in more general settings. To do so, it is necessary to employ a statistical
model which adequately handles multiple sources of variability. The variance component
model is suitable for this task.



In this paper we look at a version of the most popular process capability indexC, for the

balanced random effects model using a Bayesian approach. The process performance index
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is denoted by P, and can be used for averages of observations from new or unknown

batches.

To illustrate how and when the index will be used, consider a factory which manufactures
medical tablets in very small batches. A small batch in this instance is likely to be a weekly or
monthly intake of tablets for an individual patient. The interest is in whether the patient gets
on average the required dosage of the drug from the batch in the specified time, given that

each patient must get an average dosage of at least /,. The question therefore is whether

the process is capable of producing to this specification.

In the next section definitions, notation and some indices commonly used in process
capability analysis are reviewed. In section 3, a Bayesian analysis of the random effects
model is considered and a lower performance index (Pp,l) is proposed which is based on
averages of observations from new or unknown batches. Although there are a few published
articles dealing with the Bayesian estimation of capability indices, see for example Pearn and
Wu (2005); Lin, Pearn and Yang (2005); Wu and Pearn (2005) and Wu (2007), no one (as
far as we know) has worked on capability (performance) indices in the case of the random
effects model. An application is provided in section 4. Determination of reasonable non-
informative priors in multi-parameter problems is not easy. Common non-informative priors
such as Jeffreys’ prior can have features that have an unexpectedly dramatic effect on the

posterior. In Section 5 reference and probability matching priors are therefore derived for the

lower process performance index (Ppll) .In section 6 a weighted Monte Carlo method is

described to simulate (Ppll) using the probability matching (reference) prior. This method is

especially suitable for computing credibility intervals. The conclusion is given in section 7.

2. DEFINITIONS AND NOTATIONS



Let Y be some characteristics of interest of a manufactured product. The engineering or
design specifications for Y are generally stated in terms of a ‘nominal’ or a ‘target value’, say
T. Thatis, T is the value of Y which will satisfy the design engineer’s criteria for the
optimum performance of the product. Now manufacturing the product so that Y exactly
equals T is prohibitively expensive, and so it is common practice to specify upper and lower

‘specifications’ limits, USL and LSL, or simply ¢, and 7, respectively, and to require that Y be

within these limits.

The physical processes that manufacture the part are generally subject to many sources of
variation, starting from the quality of raw material to the aging and wear-out of the
manufacturing equipment. Consequently, Y is a random quantity (or a random variable),
whose distribution if often assumed to be Gaussian with mean, say i, and a variance, say

o’ In manufacturing parlance, the variance is referred to as the natural tolerance of Y.

When working with the process capability indices it is common practice to assume that both u

and o® do not change with time; i.e. the process is stable, or what is known in quality control

as being in statistical control.

The question which arises is as to whether the design engineer's compromise in going from

the ideal T to the upper and lower specifications limits (the USL and the LSL), is matched by
the manufacturer’s ability to meet such a compromise vis-a-vis the assumed y and o*
mentioned above. The process capability indices were introduced to address this matter.

The quantity(USL— LSI) is known as the specification interval (or tolerance interval); it will be

denoted by 2d, where d is the half length of the specification interval. The midpoint of the

specification interval, which will be denoted by M , is equal to (USL+ LSL)/2.

Herman (1989) provided a thought-provoking criticism of the process capability index (PCI)
concept, based on engineering considerations. The o is intended to represent process
variability when production is ‘in control’. But usually variation often has two components -

from within-lots and among-lots variation. The ¢ in the denominator of for example



C, = min(USL_’u ,'U_B;SL) is intended to refer to within-lot process variation. This ¢ can
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be considerably less than the overall standard deviation - o, , say. The variance component

otal ?
model is used when the variation of group means is more than expected when using a simple

within group variance model. Process parameters are known to vary slightly, even when the
process is in statistical control, introducing extra variation Of The definition of C,, includes

as special cases those processes for which only one limit exists, by letting LSL - —c or
USL - o in which case it reduces to the appropriate standardized measure. Herman

suggests that a different index, the ‘process performance index’ (PPI),

Py = min(USL_'u ’,u— LSLJ might ‘have more value to a customer than C, . The measures

total total

C, and P, again differ only in the estimate of the process standard deviation.

The random effects (variance component) model is suitable for handling multiple sources of
variability. In the next sections we will look at the random effects model from a Bayesian
perspective. The Bayesian approach is conceptually more appealing than the classical
approach since, it allows explicit use of prior information, thereby giving new insights in

problems where classical statistics fail.

By using Monte Carlo simulation, random draws from the posterior distribution of the
quantities of interest are used to construct the needed inferences. Histograms of the
simulations can be constructed. This is precisely the advantage of the sampling based
Bayesian approach, where one can create the posterior distributions (in the form of a
histogram) based on the samples and hence do inference from the posterior distribution
without going through the exact distribution. From the distributions of the performance
indices, we are in a positon to obtain quantiles, credible regions and perform other inferential
tasks eg. single summary measures of process performance indices. The methods can be
generalized to more complicated situations. This however requires computational resourses.
The recent increases in the availability of computational resources and the development of
computational techniques have led to great advances in the application methods to

complicated problems in various disciplines.



3. THE RANDOM EFFECTS MODEL

The random effects (variance component) model with two variance components is of the

form:

Y, =p+y+g fori=12,-land j=1,2; ) 3.1)

The random variables r, and ¢; are called random effects and the model in (3.1) is known as
the balanced random effects model. Furthermore it is assumed that & ~ N(0,0,”) and

r~N(0,0,°).

In addition the single fixed effect x denotes the overall mean and the random effect r.

denotes the deviation from this mean, specific to batch i. & represents the within

group/batch variation. Y; is known and denotes the j™ response value in the i" batch.

From equation (3.1) (see also Box and Tiao 1973, equation (5.2.7)) it follows that the
integrated likelihood function is

1, T IRVARY)
L(ﬂ, 0.12’0.22|X) D (0-12) 2 (0-12+ JO-ZZ) 2( 1) exp{_l{ |\] (ﬂ Y) + VZrnZ + Vlngl]} (3.2)

2| of+Jo, of+Jo) O

where

Y=Y Yo Y Y Y AATEN |

is the 1J x1 known vector of observed response values.

0’>0, 0,°>0, o,,>0/2and 0,/ =0°+J0,’.
The restriction o,,” > o? is actually part of the prior support given in equation (3.1).

| is the number of groups/batches,
J is the number of observations within each group,
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1 J
vm =22 (%= ¥)* s residual sum of squares,

i=1 j=1
|
v,m, = JZ(Y, -Y)? is between groups sum of squares,
i=1
— 1
Yi. :jz Y, the i™ batch (group) mean

= 1 I J
Y=Y isthe overall sample mean.

3.1 Posterior Distributions of g and the Variance Components:

The first step in a Bayesian approach is to find a prior distribution that summarizes a priori
uncertainty about the likely values of the parameters u,0,%,0,?. The prior distribution needs to
be formulated based on prior knowledge. This is usually a difficult task because such prior

knowledge may not be available. In such situations, usually a “non-informative” prior
distribution is used. The basic idea behind formulating such a prior distribution is that it

should be non-informative so that the likelihood (the density p(\_(| u,072,0,%), evaluated at the

observed value of Y) plays a dominant role in the construction of a posterior density. Jeffreys

(1961) formulated such prior distributions based on certain invariance arguments.

The non-informative joint prior for the variance component model as defined by Box and Tiao
(1973), page 251, viz:

1

3.3
g’ (0," +30,) 539

p(u,0.%,0,°) 0



The prior may easily be obtained by applying Jeffreys’ rule. Jeffreys’ rule states that the prior
distribution for a set of parameters is taken to be proportional to the square root of the

determinant of the Fisher information matrix. Equation (3.3) is obtained from the Fisher
information matrix for (o,%,0,%), i.e. treating the location parameter ¢/ separately from the
variance components. By combining the prior with the likelihood, the joint posterior

distribution of w,0,? and &,? can be obtained,

27_[(0'12 + J0'22) 2 (012 + Jazz)

p(U]Y, 07,0,2) = ! ex;{—iwl (3.4)
\/ 1J

_ 2, 2
ie. yY, 070, ~ N(Y.. ,%j

The joint posterior distribution of the variance components ¢;?,0,” is

—Ev1+ ——lv2+
p(o2,07Y) 0 () 2" (02 + 0 ) 2 Z)GXD{_EPM 5 }} (3.5)

2| 0 (07+30y)
where as mentioned ¢,> >0, 0,°>0, o,>0/ and g, =0’+J0,).
If the restriction ¢, > o,? did not apply, then the posterior distribution for ;> and o, would

be independent, each proportional to an inverse gamma distribution. The joint posterior

distribution for ¢,> and g,,> would be the product of these two distributions:

1 1
—1+2) lvim = (v2+2) lv,m
p(0-1210-122|X) 0 (012) 2 eXp{_E 01_12 }x (0-122 )2 exp[——z 02_122 } . (3.6)

However the restrictions do apply. Nevertheless, using a two-step rejection sampling

procedure it is straight forward to generate samples from the joint posterior distribution.



(a) Generate values from the two inverse gamma distributions.

(b)  Retain those sets of values that conform to the restricted parameter space g,,> >0o;”.
(c) Substitute each pair of simulated values (g,?,0,%) in equation (3.4) to simulate .

(d) Repeat steps (a), (b) and (c) until 7 permissible values are obtained. For our example

7 was taken as 10 000.

The illustrated Monte Carlo simulation procedure is preferable to Gibbs sampling since it

generates independent samples from the joint posterior distribution.
3.2 Posterior Distribution of the lower Process Performance Index (P1p| ):

Consider a new (future or unknown) batch of J observations Y, Y, --- Y.

Each observation is normally distributed with mean g and variance o,>+0,”. In other words

ij ﬂ7012’022~ N(l/’012+022) (j:172;"‘]} (3-7)
and
Yilpor oz ~Nw "% ”02 ) (3.8)

where

the arithmetic mean of the new sample. Equation (3.8) therefore describes the distribution of

averages from new or unknown batches.

From (3.8) a lower process performance index, Ppl1 can be defined as



pl= M=y (3.9

where

4 = mean of future observations from a new or unknown batch
|, = lower specification limit

J = batch size.

Using the Bayesian simulation procedure as described in section 3.1 an approximation of the

exact posterior distribution of Ppl1 can be obtained. As far as we know a posterior analysis for

this form of index does not exist.

To illustrate how and when this index (equation (3.9) will be used, consider a factory that
manufactures medical tablets in very small batches. A small batch in this instance is likely to
be a weekly or monthly intake of tablets for an individual patient. The interest is in whether
the patient gets on average the required dosage of the drug from the batch in the specified

time, given that each patient must get an average dosage of at least |,. The question

therefore is whether the process is capable of producing to this specification.

The above mentioned index will be contrasted with the following index:

W= (3.10)

This index follows from equation (3.7) and is not depended on [, the subgroup size. This
index now asses whether the process is capable of producing each tablet to specification as
opposed to mean of the batch.
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4. AN APPLICATION

The Bayesian simulation procedure will now be applied to the following data set. The data in

the Table 4.1 below are amounts of drug per tablet measurements. The data are assumed to

arise from a normal distribution with unknown parameters, but it has more structure than a

simple random sample because it is clustered in fifteen batches and each batch contains ten

tablets.

Table 4.1 Amount of drug per tablet

Batch Measurements

1 150.52 | 150.39 | 150.31 | 150.49 | 150.47 | 150.67 | 150.17 | 150.45| 150.42 | 150.37
2 150.35 | 150.47 | 150.72 | 150.56 | 150.53 | 150.62 | 150.60 | 150.52 | 150.51 | 150.63
3 150.48 | 150.79 | 150.63 | 150.46 | 150.71 | 150.67 | 150.70 | 150.48 | 150.48 | 150.58
4 150.41 | 150.45| 150.40 | 150.33 | 150.24 | 150.39 | 150.28 | 150.36 | 150.27 | 150.33
5 150.58 | 150.54 | 150.30 | 150.54 | 150.50 | 150.32 | 150.58 | 150.46 | 150.41 | 150.49
6 150.49 | 150.83 | 150.66 | 150.63 | 150.72 | 150.79 | 150.64 | 150.62 | 150.71 | 150.73
7 150.33 | 150.44 | 150.48 | 150.34 | 150.50 | 150.42 | 150.37 | 150.54 | 150.39 | 150.52
8 150.39 | 150.52 | 150.35| 150.52 | 150.47 | 150.54 | 150.51 | 150.37 | 150.54 | 150.53
9 150.64 | 150.78 | 150.51 | 150.69 | 150.51 | 150.47 | 150.60 | 150.50 | 150.69 | 150.72
10 150.61 | 150.49 | 150.60 | 150.50 | 150.68 | 150.56 | 150.59 | 150.73 | 150.62 | 150.62
11 150.48 | 150.25 | 150.49 | 150.43 | 150.40 | 150.44 | 150.31 | 150.36 | 150.30 | 150.40
12 150.35 | 150.41 | 150.36 | 150.39 | 150.34 | 150.37 | 150.51 | 150.32 | 150.25| 150.32
13 150.54 | 150.67 | 150.57 | 150.45| 150.57 | 150.48 | 150.39 | 150.38 | 150.67 | 150.42
14 150.41 | 150.54 | 150.57 | 150.73 | 150.47 | 150.72 | 150.72 | 150.49 | 150.66 | 150.58
15 150.60 | 150.45| 150.66 | 150.72 | 150.45| 150.51 | 150.69 | 150.62 | 150.55 | 150.45

The lower specification limitis |, =150. The data and above limit is selected solely for

illustrative purposes. In practice, fixed in advance limits are often determined from medical or

regulatory considerations. See for example Wolfinger (1998). Based on the data, the

quantities needed for the simulation procedure are | =15, J =10, v, =1 0 - 1= 135

— J
v,=1-1=14, Y.=150.507¢ Vim =2 > (

|
i=1 j=1

Y - Y)? =1.26552, v, m=

11
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i=1

(Y- Y= 1.46981




Ten thousand (u,0,?,0,%) values that met the restriction o,,> > g, were simulated from the

posteriors (3.6) and (3.4). In Figures 4.1 and 4.2 histograms of the posterior distributions of
o’

2

— 2 s
o, t0o,

o’ and o,” are illustrated. The histogram of intraclass correlation coefficient p =

illustrated in Figure 4.3. The means, medians and 95% credibility (Bayesian confidence)

intervals are also given.
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Figure 4.1: Posterior Distribution of g7 (error variance).

Mean:0.0095, Median:0.0094, 95% Credibility Interval is [0.0075;0.0121].

As is often the case the posterior distribution of ¢,*, the within batch variance, is quite
symmetrical. The reason for this is the large number of degrees of freedom, v, =135

associated with it. The 95% credibility interval is reasonably small. It has to be remembered

that the variance o, is a squared entity and that the corresponding interval for the standard
deviation g, is [0.0867; 0.1100], which can easily be interpreted. The posterior distribution of
o,” (the between batch variance) on the other hand, is quite skew. The reason for this is the

small number of degrees of freedom (v, =14) associated with it.

12



100 —
90F [
a0 -
70+

p(a7]Y) ol ||
al -
A0

30 -

L L 1 1 1
0 0.m 00z o003 o004 005 006 007 008 009

a;

Figure 4.2: Posterior Distribution of o> (between batch variance).

Mean:0.0113, Median:0.0100, 95% Credibility Interval is [0.0047;0.0253].

Although the point estimates of, g,> and o, are quite similar, the 95% credibility interval for
o,?, which is an indication of uncertainty in the true value of ¢,? is more than four times as

large as the corresponding interval for g,”>. The reason for this is, as mentioned, the small

number of batches included in the experiment. This is also the reason for the large credibility

interval for the intraclass correlation coefficient, po.
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Figure 4.3: Posterior Distribution of p (intraclass correlation coefficient).

Mean:0.5202, Median:0.5165, 95% Credibility Interval is [0.3194;0.7382].

In Figures 4.4 and 4.5 the posterior distributions of the process performance indices

P = Al and P, :,u;lol are displayed as histograms.

3( o’ +Jo, jz 3(a2+30,%)?
J

=

The posterior distributions look quite symmetrical. This is understandable because,

conditional on the variance components, P,* and P, are normally distributed.

14



p(P;|Y) I

0sr

P
Figure 4.4: Posterior Distribution of Process Performance Index, P}
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Mean:1.6183, Median:1.6182, 95% Credibility Interval is [1.0100;2.2699].
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Figure 4.5: Posterior Distribution of Process Performance Index, P, .

Mean:1.1964, Median:1.2061, 95% Credibility Interval is [0.8663;1.4710].
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Despite the widespread use of capability indices in industry and some good review articles
such as Gunter (1989 a,b,c,d) there is much confusion and misunderstanding regarding their
interpretation and appropriate use. According to Kotz and Johnson (1993) the issue does not
generally lie in the validity of the mathematics of the indices, but in their application by those
who believe the values are deterministic, rather than random variables. Once the variability is

understood and the bias (if any) is known, the use of these indices can be more constructive.

Following Steiner, Bovas and Mackay (1997), the minimum reporting requirements for
variables data should be a control chart with limits to show the nature of stability and a
process performance index to compare performance to specifications. The performance

index P, is preferable to C, since it captures all the process variation. They also mentioned

that minimum default capability requirements for most characteristics could be given in a

simple statement such as P, >1.33.

From Figures 4.4 and 4.5 it can be seen that the mean of P," is 1.62 and for P, itis 1.21.

Therefore according to Steiner etal (1997) patients will get on average, the required dosage of
the drug but there is some doubt whether the manufacturing process is capable of producing
each tablet to specification.

In table 4.2 certain probabilities (relative frequencies) are given. These probabilities are
obtained from the Monte Carlo simulation method.

Table 4.2 Probabilities for specific or larger process performance index values

P(P, >0)=10000_, 55 P(P, >0)=20000_4 550
10000 10000
P(P: >1.00)=270 = ¢ .977 P(P, >1.00)= 2% _ ¢ goat
P 10000 P 10000
P(P}, >1.33)=-2108 _ 4 g1 P(P, >1.33)= 1925 _ 4 192
10000 10000
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Although the average Ppl1 value is 1.62 it is highly probable to get in future, values smaller
than 1.33 (P(P;}I <1.33)= 0.189 and its not impossible to get Pp,1 values smaller than 1

(P(P, <1.00)= 0.023.

Typically a “future” batch of J =10 tablets is taken repeatedly from the process, and it is of
interest to assess the distribution of the “run length”, that is the number of such batches, r,

until the control chart signals for the first time. (Note that r here does not include the batch

when the control chart signals). Given & (where for example 8 = P(Ppl| <1.00)) and a stable

process, the distribution of the run length r is geometric with parameter&.

. In the case of

The mean and variance of r is E(r|Y) :% and Var(r|Y) = 16?2

6 = P(P}, <1.00), the average run length is (0.023)* = 4% batches, and for 8= P(P, <1.33) the

average run length is (0.189)" = E batches. From Figures 4.4 and 4.5 and Table 4.2 it is
however clear that although the values of the indices can easily go below 1.33 and in some
cases even below 1.00, it is highly unlikely that they will become negative. This means that
very seldom the amount of drug in a tablet will be less than the lower specification limit of

l, =150.

4.1 The Process Performance Index Plpk :

In the previous section our interest was in whether a patient gets on average the required
dosage of a drug from a batch in the specified time. If the avoidance of an over-dose to a
patient would be as important as avoiding an under-dose then both problems could be

assessed simultaneously using the performance index

1 — .
P, =min
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which is a version of the most popular process capability index C, . Let the upper

specification limit be |, =151, which means that on average a person should not get more than
an amount of 151 of the dosage. In Table 4.3, measures of location and dispersion for the
posterior distribution of Ppk1 are given, and in Table 4.4 certain probabilities (relative

frequencies) are given. As before these probabilities are obtained from the Bayesian

simulation method.

Table 4.3 Measures of location and dispersion for the posterior distribution of Plpk

Index Mean Variance Median 95% credibility Interval

P;k 1.533544 0.094221 1.528683 (0.968975;2.159735084)

Table 4.4 Probabilities for specific and larger process performance index values

quk>m=EQEp=1ooo
10000

P(P. >1.00)=—251 = 5 966
P 10000

P(P, >1.33)=292 _ 4 740;
P 10000

It is obvious that the mean of P, will always be smaller than that of P} . From Table 4.4 the

same conclusion can be made as before namely that although the value of P;k can easily go

below 1.33 and in some cases below 1, it is unlikely that it will become negative. It therefore

seems unlikely that patient on average will be under-dosed or over-dosed.

4.2 A Comparison of Process Performance Indices:

In this section the problem of comparing two process performance indices P}, and P, is

addressed. Such a problem occurs when selection between two manufacturers or where

18




assessing the impact of process improvement. In the case of comparing two manufacturers,

the objective is to assess the abilities of the manufacturers to meet the medical requirements.

The problem that will be considered is the test for the hypotheses

Ho:Piw=PRip Vs H:Rp? Bo
based on the 100(1—% )% two-sided Bayesian confidence (credibility) interval for the

difference D,, = P} ,,~ P ,, where a =0.05.

Reject H, if the lower limit is larger than zero or the upper limit is smaller than zero.

We will consider two manufacturers. The sample data for manufacturer 1 is given in Table

4.1 and the summary statistics for a sample of the same size from manufacturer 2 are

I=15, J=10, v, =1 0-1= 135  y, =|-1=14, Y.=150.49255,|,= 15
I J — I =

vm =303 (Y, - Y)?=1.1977335, v,m, =33 (Y - Y)? =1.3969914.
i=l j=1 i=1

The mean of the second sample (\=(,, =150.49255 is somewhat closer to the lower limit

(I, =150) than that of the first sample (\=(._ =150.5076 but the sum of squares v;m and v,m,

for the second sample are somewhat smaller.

In Figure 4.6 the posterior distribution of the difference D,, = P}, ~ P, ,, is illustrated.
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Figure 4.6: Posterior Distribution of the Difference between two Process Performance
Indices D, = P} ;= P} -

Mean:0.016006, Median:0.016007, 95% Credibility Interval is [-0.8681;0.9007].

From the figure it is clear that zero is included in the 95% credibility interval. H, will
therefore not be rejected. It seems that there is no real difference between the two
manufacturers. If a choice has to be made between the two manufacturers it will be

manufacturer 1. The reason for this is that E(D12|\_() =0.016which is positive.

The problem of selecting the best manufacturer can also be looked at from a ranking and
selection perspective. In the past 30 years, beginning with the fundamental papers of
Bechhofer (1954) and Gupta (1956), ranking and selection procedures have been developed

to overcome the inadequacy of testing procedures.

From a Bayesian point of view ranking and selection is quite simple. To calculate the

probability that manufacturer 1 is the best or second best, ranks are assigned to each

. . - - l 1 - 1 -
simulation of the process performance indices P;,, and P, . The higher P, value is

assigned the rank of 1 and the smaller one the rank of 2. Repeating the simulation ranking
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procedure 10 000 times it was found that in 51.28% of the cases manufacturer 1 was ranked
first and in 48.72% of the cases manufacturer 2. Manufacturer 1 is therefore somewhat better

than manufacturer 2.

5. PROBABILITY MATCHING AND REFERENCE PRIORS FOR THE LOWER PROCESS
PERFORMANCE INDEX P1p|

Probability matching and reference priors often lead to procedures with good frequency
validity while retaining the Bayesian flavour. The fact that the resulting Bayesian posterior
intervals of level 1-a are also good frequentist confidence intervals at the same level is a
very desirable situation. See also Bayarri and Berger (2004) and Sevirini, Mukerjee and

Ghosh (2002) for general discussion.
5.1 The Probability Matching Prior for the Lower Process Performance Index, P1p| :

As mentioned the Bayesian paradigm emerges as attractive in many types of statistical
problems - especially in capability and performance index problems but the choice of an
appropriate non-informative prior distribution has been controversial. Common non-
informative priors in multi-parameter problems, such as Jeffreys’ prior, can have features that
have an unexpectedly dramatic effect on the posterior. Recently Datta and Ghosh (1995)
derived the differential equation that a prior must satisfy if the posterior probability of a one

sided credibility interval for a parametric function and its frequentist probability agree up to
0(n™) where n is the sample size. Using the method of Datta and Ghosh (1995), the

following theorem can be proved:

Theorem 5.1

The probability matching prior for the P;, Index in the case of the balanced random effects

model defined in equation (3.1) is:

3 (1) 2
G A e S N B P
1 2
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where 8=[y,0,%,07]"

Proof

The proof is given in the Appendix.
(1,0, ,0.7) is the same as the reference prior (see section 5.2).

It is proved in Chikobvu and Van der Merwe (2007) that the probability matching prior leads to
a proper posterior distribution.

5.2 The Reference Prior for the Lower Process Performance Index:

The Jeffreys’ and probability matching priors are but two methods to obtain useful non-
informative priors. As mentioned, the Jeffreys’ prior is not always suitable for multi-parameter
problems. In recognition of this problem Berger and Bernado (1992), proposed the reference
prior approach to the development of non-informative priors, the key feature of which was a
possible dependence of the reference prior on specification of parameters of interest and
nuisance parameters. As mentioned by Pearn and Wu (2005) the reference prior maximizes
the difference in information (entropy) about the parameter provided by the prior and
posterior. In other words the reference prior is derived in such a way that it provides as little

information as possible about the parameter. In this section the reference prior of Berger and

Bernado (1992) will be derived for the process performance index (P;,). The solution

depends on the ordering of the parameters and how the parameter vector is partitioned into
sub-vectors. In spite of these difficulties, there is growing evidence, mainly through
examples, that reference priors provide “sensible” answers from a Bayesian point of view and
more limited evidence that frequentist properties of inference from reference posteriors are
asymptotically “reasonable”.

As is the case of the Jeffreys’ prior, the reference prior method is derived from the Fisher
information matrix. Note that the reference priors depend on the group ordering of the
parameters. Berger and Bernado (1992) suggested that multiple groups, ordered in terms of
inferential importance, are allowed, with the reference prior being determined through a
succession of analyses for the implied conditional problems. They particularly recommended

the reference prior based on having each parameter in its own group, i.e., having each
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conditional reference prior be one dimensional. Notations such as {,u, 022,012} will be used to
specify the groups and importance of parameters; { 7 022,0'12} means that there are three

groups, with u being the most important and o;” the least important.

We will also examine whether the reference priors satisfy the probability-matching criterion.

The following theorem can now be stated.

Theorem 5.2

For the lower process performance index, P;l , the reference prior relative to the ordered

parametrization {,u, 022,012} is given by:

1

i 3 J(u-1) 1?2

PR(ﬂ10221012)D012(012+J022)2£1+ 2(;é1+J0;2)J |
1 2

Proof

The proof is given in the Appendix.

Corollary 5.1

The reference prior is the same as the probability matching prior. It is proved in Chikobvu and

Van der Merwe (2007) that this is also the reference prior for the group ordering {,u, 012,022} .

6. THE WEIGHTED MONTE CARLO METHOD - SAMPLING - IMPORTANCE RE-
SAMPLING

In this section a weighted Monte Carlo method is described which will be used for simulation
from the posterior distribution in the case of the probability matching (reference) prior. This
method is especially suitable for computing Bayesian confidence (credibility) intervals. It does

not require knowing the closed form of the marginal posterior distribution of P;, , only the

kernel of the posterior distribution of {,u, 012,022} is needed.
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As mentioned by Smith and Gelfand (1992), Guttman and Menzefricke (2003), Skare,
Bglviken and Holden (2003), Kim (2006) and Li (2007) the weighted Monte Carlo (sampling-
importance re-sampling (SIR)) algorithm aims at drawing a random sample from a target

distribution 77 by first drawing a sample from a proposal distribution g, and from this a smaller
sample is drawn with sample probabilities proportional to the importance ratios 77/q. For the
algorithm to be efficient, it is important that q is a good approximation for /7. This means that
g should not have too light tails when compared to 77. For further details, see Skare et al

(2003).

In the case of credibility intervals it is not even necessary to draw the smaller sample. The

weights (sample probabilities) are however important. For the Jeffreys’ prior

_ -1
P (1,007 00 (0/+ 30,7,

the joint posterior of the parameters y,0,?,0,° is

PJ (,U,0'12,0'22 |X) 0 (0_12)‘5(V1+ ( 2, JO' ) 2(v2 3) Xp{ [ 1J (u— Y ) )+ 1n} szmz 2):|} (6.1)

2| (02+307)) oF  (0}+io,

Equation (6.1) is our proposal distribution q. Although the Jeffreys’ prior is improper, the

proposal distribution q is proper. In the case of the reference (probability matching) prior

P(,U,O'Z,UZ)DJ_Z(02+J0' 2)‘; 1+ J(,U——IO)Z 2, (6.2)
R 2 1 1 1 2 2(0’12+J0'22)

the joint posterior distribution is

(V2+4)

-l +2)
R (u07,0,71Y)0 () 7" (00 + 30,0) 2

., _% (6.3)
[1+ J(‘!_Y”)ZJ exp{ [IJ(ﬂ v, v ]}
207 +307) 2 @irieh) of @i+ io)
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Equation (6.3) is the target distribution 77. Itis proved in Chikobvu and Van der Merwe (2007)

that 7 is also a proper distribution. The sample probabilities are therefore proportional to

1

P.(u,072,0) 1 Z1)? )2
Rulmat oz Z)D(012+J022)2(1+—J('u o) Jz

JT =
/CI P (,U’ 012,022) 2(012 +J022)

and the normalized weights are

A J(ﬂ(ff) -1 )2 2
2(0) 2(0) 0
(01 +Jo, ) 2 [1+ 2(012(5) + Jazz(f))

W, = ~

“o Jl (0=1,2;-- 7). (6.4)

1 (0 2 2
- I —-1y)
2(¢) 2(0) 0
(Jl + JUz ) 2 £1+ 2(0_12(() + J0.22(€))

(
(=1
Details of the Monte Carlo method are as follows:

Step 1:

Obtain a Monte Carlo sample

{(,L/“),af“”,azz“)),z =1,2;- ,Z} from the proposal distribution g and calculate the performance

index
/ O - ~
Ppll(() - H 0 ; (6=1,2;- 7).
3 020 + 30,202
J
Step 2:

Sort {Pp,l‘“,(ﬁ =12, Z} to obtain the ordered values P,'® < P,'@<...< P,*0),

Step 3:
Each simulated process performance index has an associated weight. Therefore compute

the weighted function W,

, associated with the ¢th ordered P,*” value.
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Step 4:

ky
Add the weights up from left to right (from the first on) till you get Z\Nm = a/2.Write down the
=1

corresponding ordered P, value and denote it as P,

ol (@/2) - Add the weights up from right to

i
left (from the last back) till you get sz = a/2. Write down the corresponding ordered value
=k,

1(ky) H 1
P, and denote itas B’ .-
Step 5:

The (1-a)100% Bayesian confidence interval is(P, "/, Py'ua/2)) -
For the data in Table 4.1 the 95% Bayesian confidence interval in the case of the probability

matching (reference) prior for Ppl1 is (1.030;2.269§3. The interval for the Jeffreys’ prior is

(1.010;2.26999 (See Figure 4.4). The two intervals are for all practical purposes the same.

The reason is the relative large sample size.
7. CONCLUSION

Data arising from multiple sources of variability are very common in practice. Virtually all
industrial processes exhibit between-batch as well as within-batch components of variation. In
some cases the between-batch component is viewed as part of the common-cause-system
for the process. It therefore seems worthwhile to develop a process capability index in more
general settings.

In this paper we look at a version of the most popular process capability indexC_, , for the

pk

balanced random effects model using a Bayesian approach. The process performance index

1

is denoted by P,” and can be used for averages of observations from new or unknown
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batches. A medical tablet manufacturing example illustrates the flexibility and unique features
of the Bayesian simulation method for solving different complex problems such as Bayesian

confidence intervals, ranking and selection, hypothesis testing and run length.

Determination of reasonable non-informative priors in multi-parameter problems is not easy.
Common non-informative priors such as Jeffreys’ prior can have features that have an
unexpectedly dramatic effect on the posterior. Therefore reference and probability matching
priors are derived for the lower process performance index, . Sampling-importance re-
sampling is used to simulate from the posterior distribution in the case of the probability

matching (reference) prior.
Appendix
Proof of Theorem 5.1

7(6) is a probability-matching prior for 8 =[x, 0,?,0,’]', the vector of unknown parameters, if

the following differential equation is satisfied.

m

d
;E{Ua(@ 19} =0

where

1= @00
JO(OF@)0.8)

=[1(8),.-. 1O,

1) = {%t@...q% t@]

t(6) is a function of &. In our case t(6) = Ppll, the process performance index.

F~'(6) is the inverse of F(8), the Fisher information matrix of 4.
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The probability matching prior 77(6), is derived from the inverse of the Fisher information

matrix. To obtain the Fisher information matrix, the negative of the expected values of the

second derivatives (with respect to the parameters of the log—likelihood) must be calculated.

The Fisher information matrix is given by

1J
(0" +30,°)

F(/~110—22'0-12):F(Q): 0

and its inverse by

F(@)=F(1.0,%0,) =

We are interested in the probability

index.

Letd=[y, 0,%,0,° . The index is

0 0
132 1J
2(0-12 + J0.22)2 2(012 + J0.22)2
1J 19-1), |
2(02+30,°)° 207 20,°+30,°)?

0 0

-1 +I0+ 02} 202y

13%(J-1) 1J(J-1) |
_2(012)2 2(012)2
13(J-1) 1(J-1)

matching prior for (Ppll), the lower process performance

1
-1 -1,)J?2
Pp|l =t(g) - /J 0 T - (ﬂ 0) T
3 o’+Jo,”\? 3(012+J022)2
J
Therefore
1 3 1
oo _ Jz ot@) _ —(u-1,)32 o) _ —(u-1,)J?
- 1 502 3 502 El
ou 3(012+J022)2 90, 6(012+J022)2 90, 6(012+J022)2
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As mentioned

NI

2 2
0o, 00,

@)= {at(e) at(9) at(e)} 3 1[1 (13 ~(u-ly) }
ou 3( 2)5 2(01 +J02) 2(01+J02)

o’+1Jo,
Further
2 (u-1)(02+307)
2 2 2 — + g
D't(Q)F_l(Q): J l[(0’1 -;-JJO'Z) H—ly - 2 0]
3(012 + J022)5
and

B L1 Ju-1)> |
{ow@F@n©)} = (1+ - )} .

3| % (0-12 + JOZZ
Define as before

0'(9)F (8
JO@F )0, (8)

which means that

1 1

ogZ+Jo?)2 1 1y )2
/71@:#3'2 1+ %
3132 2(01 +Jaz)

n') = =[m(9) 1.9 1,9

1 1
n,(0) = ~(u-1)) (07 +30,7)? 3|5l 1w W) 2
- 31 2(012 +Ja'22)

N

and
1n,(6) =0.

For a prior 71(8) to be a probability matching prior, the differential equation

{/71(6’)77(9)} 302 {/72(6’)77(9)} t 352 e {/73(6’)77(9)} 0

must be satisfied.
The prior
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m(6) =m( 0202)D0‘2(02+Ja 2)g 1+ J('U—_IO)Z_E
a\Y M0, ,0; 1 1 2 2(012+J0'22)

will be a probability matching prior since

-2

%{ql(g)na(g)} = M(alz_i_\]azg)z{l_'_\](lu——lo)zﬂ

0
do,’

{n,@),(6)}

- -2 -2
_ J(,U_Io)alz(a-lz""]a-zz) {14_ J(u-1p)? ]
- 1 1
1232 2 )
and
0

r‘lz{/k (Q)ﬂa(é’)} =

0
00,

{0 =o0.

Therefore

%{/71(@)77;(@)} +

d 0 .
35710 @) +5 S ln(@m(©)} =0.

Proof of Theorem 5.2

We are interested in the Fisher information matrix for t(6),v and ;. This will be obtained in

2
two stages. Substitutingv =0—22, the Fisher information matrix is given by
Jl

N

_— 0
o1+ Jv)
2 2y _ 132 1J
F(,U,O-z ’Jl )— 2(0'12)2(1+JV)2 2(0.12)2(1+ Jv )2
1J 1(J -1 N [
2071+ Iv)y  20,°) 20,°) @ v )

To derive the Fisher information matrix for 1,v,0,?, let
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w o ou
ou dov 00’

1 0 O
_wo,00) _| 00, 00 307 || .,
= 3 m 5 - P P P 2 1
(uv,oy) Ho OV 000 g o 1
0o 0dog? 040/
ou av 6012
: 1J 0
g, "1+ Jv)
NOW F( VJZ)_A'F(ﬂUZUZ)Az O |J2 IJ
V.0, 05",0; 20+ vy 20,7 )1+ )|
1J 1J
0 PYEC IV 2y
2(0,2)(1+ Jv) 2(0,")

At this second stage the Fisher information matrix for x,v and t(Q) will be derived.

Therefore

t(6) = M-l - M-l

1 1
3(012 +J022J2 3(012(1+ Jl/)j2
J J

1
o _4(07)

1
1+ Jv )2,
ot(8) J% ( )

1 1 1
=2 32(07)21+ W) 21@)
ov 2 ,

2 1
6,U2 :§(013 1+ Jv)2t(6),
oo~ 2 32

and
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ou oy ou (a )2 1 3 2 -1 3(g°) 2 )
—_— 2 2 72(52)2 2
e v 9oy — A+ v )? 2J 0,7)2(1+ ) 2t@)
~ 0 ov  ov J? Jz
A= mé) o 907 | 0 !
v g,
~ 1 0 0
do° do? 9o}
ot v aog’
The Fisher Information matrix for t(6),v and o;* is given by
F(t(8),v,0°)=AF(uv,02)A
9 1J 9 |
P 2@ 2@
_ PR FER P o 1 IJZ[%tZ(Q)ﬂj IJ[Et (Q)+1j
A F(uv,o; ?)A= o T fi)= (e 2 2
; ; ; 2(+Jv) 2(1+Jv) 2017)HIv)
31 's2 33 9.2 92
1) 2t2@)+1] 1] Ste@)+1 B
glizt@ [22 j (2 2,2 l’ ey
(17) 2(o17)(1+Jv) 2(017) 2(017)

As mentioned a reference prior depends on the group ordering of the parameters and it is
determined through a succession of analysis for the implied conditional problems. Berger and

Bernado (1992) particularly recommended the reference prior based on having each

parameter in its own group,

dimensional.

Therefore consider the sub-matrix

f
E :( 22
fa

33

21+ Jvy L2 JvY _2(02)A+Jv)
13%(3-1 (9., 1J(J-1
—y =1 (Zt (Q)+1j (J-1)
_2(0,°)(@+Jv) 20, Y
13(J-1) 1(J-1)

32

f23 . .
and its inverse

1+ JI/)zt(é_’)

0
1

i.e. having each conditional reference prior being one




The Reference prior in the (t(8),v,0,°)parametrisation

-1

o (t, f _

Let £1 :[ 22 23} from the section above.
f32 f33

Now

=t [ u;ﬁ‘l[ﬂ =181 (2° @)+ 9,

31

2(9,2 9.2
1 Y (zt @*1] Gt -
=f —-——f f.= 1-2 0@+ Jv)?2
hz 22 f33 23132 2(1+J|/)2 gtz(g)ﬂ ( )
and
9.2 9.2 9 2 )
g g g
. |(2t (7)+1j e [zlt @)+ +HI 4 j ] (Zt (6)43 S0
2001°)° 200192 201%)? 20122

From the above it follows that
1 A1
p(t(@) O ¢ =(9(©)+2) 2,
1
pV|t@) O h2 =(1+ W)™,

1
p(a|t(@).v) O R =,
Therefore the reference prior relative to the ordered parametrisation (t(8),v,o0,”) is given by

p(t(8),v,0;°) = p(K@)) PV| H8) Poy’| (O).v),

p(t(d).v.0;°) =(9* @)+ 2)'3(1+ w)lo?.
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The reference prior in the (u,0,%,0,°) parametrisation

As defined

t(g)=— Hb
3 o’ +Jog} )2
J
ot(8) _1(o2+Jdol\2 o) ov _ 1
== , V=" and— =—;.
ou 3 J o, 00, O,

The reference prior for the group ordering (u,0,%,0,%) is

1

—1.)? 2 2\ 2 1
pR(/A”UzZ’JlZ)DLJ('u—IO))"'lJ [1"' Joa_—zzj 0-1_2\]?(0-12""]0-22) 20,%.

1
2(012 +Jo,’ A

Therefore

N lw

-2

—_— 2 _E —
pR(/'I’ 0_2270_12) O [J('U—IO))"']-J (0-12 + JJZZ) 0,

2(012 +J0)

which corresponds to the probability matching prior 7(u,0,%,0,%).
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