A PROCESS CAPABILITY INDEX FOR
AVERAGES OF OBSERVATIONS FROM NEW
BATCHESIN THE CASE OF THE BALANCED

RANDOM EFFECTSMODEL WITH THREE
VARIANCE COMPONENTS

1. INTRODUCTION

Data arising from multiple sources of variabiligearery common in practice. Virtually

all industrial processes exhibit between-batad well as within-batch components of
variation. In some cases the between-batch (ordsstvgubgroup) component is viewed
as part of the common-cause-system for the prodeseems worthwhile to develop

process capability indices in more general settingsthis paper, a three variance
components model is considered.

A version of the process capability or performamoex for the balanced random effects

model with three variance components from a Bayefi@amework is considered. The

index is denoted a§Pp,l and can be used for average of observations gven time-

period.



2. DEFINITIONSAND NOTATIONS

The lower process performance index for the thee@amce component model is defined

as:
_ p-|
3P;I - : 1
3 o’ + Ko’ +IKo} |2
JK
where

M =mean of future observation for a new or unknovedh
o =residual variance
o,” =within groups var iance
o,” =between groupsvar iance
|, =lower specification lim it
J =batch( package size
K =number of sub samples per baich pag®

(2.9

The interest is whether or not a process is capaiippeoducing to a specification of least

|, over say a one monthture periodl) (see example).

As introduced above, the variation observed couwdsfbly be explained by several

components such as @eétweeh months (month-to-month) component, &ithin”

months (package- to-package) component anesaual component. These sources of

variation should be incorporated in a suitable rhode

Approximations of the exact posterior distributioh 3Pp,l can be obtained. Current

knowledge indicates that a posterior analysis fiis form of capability index does not

exist.

The above mentioned index will be contrasted vhghfollowing indices:



I 3P;|1:(LIOJ = K=l i (2.2)
3(012 +0,7+ 032)2

which is independent of,J and K. This index assesses whether the process is eapabl

of producingeach future tablet to specification.

i, P, = #l (2.3)
3(012 +Ko,2+ KaszJ
K

N

which assesses whether the process is capable aofug@ng a futurebatch to
specification
i P = St (2.4)

1
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which assesses whether the process is capabledid@ng to specification overfature
period of | months.
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which is independent,” and assesses whether the process is capable chfcprg to

i Vv
Iv. ;P =

W= pr. (2.5)

specificationin a specific month, say the 1% month or a month similar to the 10

month.

In the next section we will look at the three vada component model. The posterior
distribution of the mean and variance componentiersved in section 4. In section 5,

the posterior distribution ofP,*conditional on the variance components is deriliéu:

probability—matching prior for, Ppl1 will be derived in section 6. Sections 7 and 8ldea

with the estimation of the indices. We concludewah application in section 9.



3. THE VARIANCE COMPONENT MODEL
The variance component model with three variancepaments is of the form:

Y, Sp+r+G+g i=l.,1, j=1.,J3 and k=1..K (3.1)
where Y, are the observationsy is a common location parameter,c;, and &, are
three different kinds of random effects. We furttessume that the random effects

(r..¢;,&, ) are all independent and that

ij?
I}~N(0,0'§), QJ - N(O,0'22) and ‘Sﬁk ~N (0012)
and the parameter@;,o?,0?) are the variance components. This model explaich e

data point as being additively influenced by threedom effects résidual, batches
(packages)and groups) The variance of each data point therefore cansi$tthree

components corresponding to each of these randi@ttef

The variance components for our earlier examplesisbrof residual, packagesand
months effects and are then denoted (by,o2,07). Some important results of the

variance component model are summarized in the8rém

Theorem 3.1

2 L2 2 2 2, 42
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2 2 2 2
vE 0. Ko,”+Ko,”+0o
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Nu,o07,0,,0;, w,o, ] KJ) W, K L)
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V. Y 02,0207~ Nu,—+—2+—L )= 3 2 1
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Proof

The proofs are very simple and similar and onlyoprm Il and V are given in the
Appendix.



4. POSTERIOR DISTRIBUTION OF THE MEAN AND THE
VARIANCE COMPONENTS

Consider the model in equation 3.1 again:

=pu+r+qg+g i=L...1, j=1..,J3 and k=1.,.K
where

f ~N(0,0’§), Cu - N(0,0'zz) and ‘Sﬁk ~N (0012)

Theorem 4.1

For the non-informative joint prior (see Box ancTa973)):
P07, 03, ,01,5) 0 p(U) PO .0 15,0 1)

=cx (02,0, 10,53

0o (of+Ko2) (of+Koz+IKa)™

The joint posterior distribution of,?,o,?and o7 can be worked out as

"G S w42)
p(07.0,7 07 1Y) D (@) 7 expt {1’“1})x(a FKop) 2 eXp(_z{(ler}a)}
7(v3+2)
(07 +Ko+IKaD) * expe o e )

2 (07 +Ka,”+IKay)

and

= UKEG -4
Y,0%,07° 0 o2+ KoZ+ JKo5)?2 expE—= Y...
p(u1Y,07,0,°,0¢)0] ( 2?2 pez(a_ KoiT KD
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e pIY~ Ny =)
where
MM =333 % = Y0 vm = K (Y ) vm = JKZ(7 Yy



v,=1(K-1), v,=1J-1), v,=I-1.

B

IG(x|a,p) = r@)

x""lexp(—'%) i.e. the inverted gamma density with positive

parametersy and 3.

ando,,’=0’+Ko? 0,/=0+Ko+IKo;]
Proof

The proof is given in the Appendix.

The posterior distribution foo,?,0,,> and g,,,> would be independent, each proportional

to an inverse gamma distribution, if the restristig,,,” > 0,,” > o7 did not apply. The
joint posterior distribution forg,?,0,,° and o, would be the product of the three
distributions.

p(af,alzz,alzfu(): IG(aflizl;vlmj)x IGo 7+ |<022|V—22;|/ M)x IQo 2+ Ko 2+ I 32|V—;;v ),
However the restrictions do apply. Neverthelesshgus two-step rejection sampling
procedure (as will be discussed), it is straigitverd to generate samples from the joint

distribution.

Theorem 4.2
I.LE(m)=0? 11.E(m) =0,/ =(g’+ Kg ) lIl.E(m) =0,,7 = (02 + Ko} + JKg ).

Proof
The proofs are very simple and similar and onlydidjiven in the Appendix.

The following theorem gives the posterior distribatof x# = u+r (i =1...,1) given

Y and the variance componeuafs o7 ando? .

Theorem 6.4.3

4 givena?, o>and g7 is normally distributed with mean



KoY (07+Kep) T
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and variance

Var( |Y,07,0;,05)=

(07 +Ka)?) UK a? +0,”+Ka,’
(07 +Kao,”+IKo?) IJK

Proof

The proof is given in the Appendix (See van derweand Hugo (2007) for a similar
proof).

5. POSTERIOR DISTRIBUTION OF THE LOWER PROCESS
PERFORMANCE INDEX 3P1p| WITH THREE VARIANCE
COMPONENTS

Theorem 5.1

The posterior distribution of, Pgl given the variance components is

Y. -
1 2 2 .2 P
3Pp| |X10-1 0, ,05~ N

L toralli, j .k (5.1)
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Proof

The proof is given in the Appendix.

The unconditional posterior distribution QP;I can be obtained by using Monte Carlo

simulation.

6. THE PROBABILITY MATCHING PRIOR FOR THE LOWER



PROCESS CAPABILITY INDEX 3P1p|

Theorem 6.1

The probability-matching prior for tig@sl Index for the balanced random effects model

defined in equation 3.1 is:

1

2 2 2

_ 1 2 2
m(6) = n(u,02,0,,0%) 0 072 (02+ Kod) (0 2+ Ko 2+ IKa ) 2| 1e— W0 1K)
2 oy +K02+JK03)

Proof

The proof is given in the Appendix.

7. MONTE CARLO SIMULATION PROCEDURE FOR
ESTIMATING THE POSTERIOR DISTRIBUTION OF 3P1p|

Simulation of the posterior of,*,0,”> and o,’can be achieved through the following
standard simulation routines. By using the Matlalckage, simulation ot,?,0,* and

o> can be obtained in the following way:

I Draw 7 from a y,, distribution

2
i puti=

r vm

iii. o’ =YM  \where the * indicates a simulated val
T

V. Draw u from a y,, distribution
1_0)
V. Put==—2- where g,,’=0°+ I,

u v,m



2> _ VoM,

Vi. o
12 u
vi If o, >07 (of was simulated in step( )j Calculate
Calculate
2* — l 2* _ 2* f th . 2* — 2* + 0-2*
g, —3(012 o;) from the expression g,,” =0, 5 -
If 0,7 <o/ ignore the values oir;” and o¢,” and start again.
viii. ~ Draw O from a y, distribution
. 1 0'1232 2 2 2 2
iX. Put—==—=- where o0,, =0,°+ Ko,”+ JKo,
V3Imy
. _Vym,
2 _ Y3
X 0123
U
. If o0, >0,/ >07 (07 was simulated in step( i
Xi.

was simulated in step( V)i
Calculate

= Oy —[07 +Ko;']

% JK from the expression o,y =07 + K&, + J&I .
If 01232* <0122* ignore the values ofalz*,gzz* and 032* and
start again.

= 2 2 2
<, 0 +Ko; +JKo;

By making use of the fact that|Y,o7,07,07 ~ N{Y. K } and from

the definition of the Performance index,
K =l

1
o 07 +KaZ + 3K )
JK

1*
3Ppl -

it follows that ,P; can be simulated.
Giveno?,o7,02, the conditional posterior density functiop(;P, |Y,0,°,0,%,0;)is

calculated which is defined in (5.1). Repeat si@p$ ¢ times. For our examplewas



taken as 10000. Using a Rao—Blackwell argumentfé@dland Smith,1991), a density

: iy e Y. -1
estimate of the unconditional posterior distribotif ,P) = 0 T can
: o2 +Ka?+IKo? )2
JK

be obtained by averaging(; P; | Y,0,%,0,°,0.%) over the? repetitions.

Simulation results for the variance component peceerformance inde>gP;| as

discussed in this article will now be compared wiité following indices
P . PM andSPpll".

3%pl 137 pl

By making use of the fact that
4 1Y,07,03,05 ~ N{ E(i | 0},05,0 7, Y),Var(y | Yoo ;o 2)

where

v 2, 2 =
E(u |0?,0%,07,Y)=— JKUS Af - 2(01 Ka,) Y. and
(07 +Ko,))+IKo? (02+Ko,)+IKo,

24 2 24 g2+ 2
Var(u |Y.02,0%,0%) = (02 +Kao?) {UK0'3 o, Kaz}

(07 +Ko,+IKo?) 1IJK

and from the definition of the inde;F,’;f can also be simulated.

* /Lli* _I
SP;;/I ° 1
3 0-12*-'-K0-22 2

JK

Simulation results using the probability matchimgppwill be considered next.



8. THE WEIGHTED MONTE CARLO METHOD -SAMPLING-
IMPORTANCE RE-SAMPLING

This section describes how to apply a weighted R&@arlo (WMC) method to simulate

3P;| using the probability matching prior. This metha especially suitable for

computing credibility intervals.

Let
1
-1 -2 (4-10)2(3K) 2
@) Doy (07 +Ko?) (o7 +Koi+IKo2) 2|1 70 8.1)
2(012+Ka§+JKa§)
and
a(8) 0o, *(o7 + Kal) o+ Ko+ IKa ) ™! (8.2)

According to Smith and Gelfand (1992), Guttman Mehzefricke (2003) and Skast
al. (2003), the? independent draws 6f” = (¢ ,07"" 07" ,0Z""), as discussed in
section 7, forr =1 to 7 ; is a weighted sample from the posterior distidoubased ow,

where the weights are

LCARYL CARD)

4 14
> md”)q@E"")
=1

md"”) and q(@"”) denote the realistic prior density and impliecbpdensity defined
in equations (8.1) and (8.2). For the algorithnbéoefficient, it is important thaq is a
good approximation ta. This means thaigy should not have too light tails when

compared tar. For further details see Skaeeal (2003) and Li (2007).



To simulate using the results from the probabititggtching prior we associate with each

lower performance index valyg, """

w, =

o720 (012*(0 +KgZ )‘1(021*(0 KA + KAV )

N

- (D 192 (3K)

2(012*(@ ko2 432 ) )

1+

3 o710 (070 +K ) (07 +K + 3K )
=1

1

- (D 192 (3K)

1+ &g | &g
2(012 () +K0’§ () +JKU§ (Z)j

a. Sort the3P;|*”) values calculated in ascending order so that

1%(1) *(2) *(10000)
3Ppl s 3Fﬁ| S-S 3F,)31|

. Compute the weighted functiomy, associated with the/th ordered

(1)
Py

. Add up the weights from left to right (from thedfiron) till you get

k
> w, =0.025. Write down the corresponding ordered valye,*™ and

=1

denote it a®," ; ,;,- Add up the weights from right to left (from thest

7
back) till you getz w, =0.02E. Write down the corresponding ordered

1=k,

value Py and denote it a® .45 The 95% interval

. 1 .
ISSPpI (0.025) 3P;| (0.975°



9. APPLICATION

In a process to manufacture chronic medicationpuarproperties of the manufactured
tablet have to be monitored. Monthly samples of ga8kages of the tablet are sampled
and various physical properties of the tablet apicated in the laboratory by analysing
K=5 tablets per package. The data in Table 1 repteghe amount of drug in a tablet
(the percentage of the drug per tablet). Packagistablets sampled for the first 1=15

months starting January of a particular year atectsd as review data to determine
whether the patient gets on average the requirsdg#oof the drug from the batches in a

specified time, given that each patient must gei\arage dosage of at least 20.

Tablel: Drug data arising from multiple sourcesvafiability

Day | Package Average | Day | Package Average | Day | Package Average
Package Package Package
Dosage Dosage Dosage
1 1 23.3000 |1 6 24.7900 |1 11 24.4700
1 2 23.0600 |2 6 24.6500 |2 11 23. 4200
1 3 23.4800 |3 6 24.7500 |3 11 23.6100
1 4 22.2200 |4 6 24.9400 |4 11 22.9100
1 5 22.1600 |5 6 24.7700 |5 11 22.8600
1 6 22.9400 |6 6 25.1700 |6 11 23.5700
1 7 23.6900 |7 6 24.6700 |7 11 23.6100
1 8 22.0200 |8 6 24.5100 |8 11 22.3700
2 1 24.9100 |1 7 24.5200 |1 12 22.2200
2 2 24.6800 |2 7 23. 4400 |2 12 23.5900
2 3 25.0900 |3 7 23.8800 |3 12 23. 6800
2 4 25.3900 |4 7 23.1300 |4 12 23. 2300
2 5 24.5600 |5 7 23.6400 |5 12 23.9300
2 6 25.3800 |6 7 23.5800 |6 12 23.9800
2 7 24.8200 |7 7 23.5000 |7 12 23. 6900
2 8 24.9000 |8 7 23.7100 |8 12 23. 4600
3 1 25.2900 |1 8 25.0900 |1 13 24.5800
3 2 24.1900 |2 8 23.7100 |2 13 25. 2700
3 3 24.9000 |3 8 23.6800 |3 13 24.5200
3 4 24.7000 |4 8 23.6700 |4 13 25. 6200




3 5 24.6900 |5 8 23.6700 |5 13 24.7300
3 6 24.6500 |6 8 23.9800 |6 13 24. 8000
3 7 24.8500 |7 8 23.9400 |7 13 25. 0000
3 8 24.5000 |8 8 24.1300 |8 13 24.5300
4 1 23.8600 |1 9 22.1900 |1 14 25. 3100
4 2 24.1200 |2 9 22.8400 |2 14 24.8400
4 3 23.2000 |3 9 22.9500 |3 14 25. 2900
4 4 23.3600 |4 9 23.2500 |4 14 25. 3800
4 5 23.6400 |5 9 24.6000 |5 14 25. 4000
4 6 22.8500 |6 9 22.6500 |6 14 24. 6000
4 7 22.7200 |7 9 23.7700 |7 14 25. 1400
4 8 23.3300 |8 9 23.3700 |8 14 23.9400
5 1 23.4800 |1 10 23.9900 |1 15 25. 4800
5 2 23.4300 |2 10 23.5300 |2 15 24. 6500
5 3 23.0700 |3 10 22.3700 |3 15 25. 0000
5 4 22.6900 |4 10 22.9300 |4 15 25.7100
5 5 23.6000 |5 10 22.3100 |5 15 25. 2800
5 6 23.4900 |6 10 22.8600 |6 15 24.3800
5 7 23.4600 |7 10 22.0000 |7 15 24.3500
5 8 22.7400 |8 10 22.8100 |8 15 25. 4300

In additiony,m =390.672(. The above data and limit is selected solely flosirative

purposes. In practice, fixed in advance limits afeen determined from medical or

regulatory considerations.

As introduced above, the variation observed coudsibly be explained by several
components such as a “between” months (month-tom@omponent, a “within” month

(package-to-package) component amdsadual component.
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Figure 1: Histogram of simulated variance component
A plot of the posterior distribution of;,? |Y is symmetrical or fairly symmetrical. The
reason for this is the large number of degreesesdomy, = IJ(K —1) = 480associated

with the residual variance.
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Figure 2: Histogram of simulated variance component

A plot the posterior distribution of,” |Y is also fairly symmetrical. The reason for this
is again the large number of degrees of freedgm I(J —1) = 105associated with the

residual variance.
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Figure 3: Histogram of simulated variance component

The posterior distribution otr,” |Y on the other hand is quite skewed. The between

months variation is much larger than the within thenvariation.
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Figure 4: Histogram of simulated index

The mean of the indeg(P;, Is 1.5499 showing that the process is capable.
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Figure 5: Histogram of simulated index

The mean of the indeg<P;|1 is 1.0385 showing that the process is capable.



The results of the indices are summarised in thie taelow.

Table 2: Posterior mean, variance and 95% interf@ the indices using the non-

informative Jeffery’s prior

Index Mean Variance 95% Interval

3P;| 1.5499 0.0925 (0.9861;2.1634)
3p;|1 1.0385 0.0126 (0.7936;1.2307)
3p;|11 1.3642 0.0471 (0.9304;1.7672)
Sp;IV 6.0029 1.3873 (3.8192;8.3787)
3Pr\f| 5.8081 0.1059 (5.1653;6.4356)

The corresponding 95% interval in the case of ttodability-matching prior for3Pp,1 is

(0.9800;2.1654).

Some features of these results worth noting are:

* The mean of the indices are greater thanl suggetstat the process is capable.

+ The mean of the Indiceg?,’ and ,P) are much greater than 1 suggesting that
the process is very capable when a patient taletatiiets for longer periods. In
fact the data suggest that the process is super.

;

* The variance of the indexP;' is small when compared to the variances of the

other Indices.

It has been suggested that some advanced patiagteeguire a slightly higher dosage of
the drug. The question therefore is whether thecqm® is capable of producing to

specification under these same machine settingsoarig= 21, 22 and 23.



1, =21.

Table 3: Posterior mean, variance and 95% interf@ the Indices using the non-

informative Jeffery’s prior

Index Mean Variance 95% Interval

P 1.1584 0.0548 (0.7208;1.6302)
P 0.7762 0.0086 (0.5744;0.9359)
Py 1.0196 0.0288 (0.6777;1.3368)
P 4.4864 0.8218 (2.7918;6.3136)
Py 3.8008 0.0583 (3.3201;4.2691)

The corresponding 95% interval in the case of tledgbility-matching prior for3Pp,1 is

(0.7199;1.6318).

Some features of these results worth noting are:

The mean of the indicesijl11 is less than 1 suggesting that the process is not

capable of producing the individual tablets to djpetion but the other indices
are greater than 1 suggesting that the procesapabte once the tablets are

analysed at least as a batch.
The variance of the indices?,™ and ,P,""* are smaller when compared to the

variances of the other Indices.



l, = 22.
Table 4: Posterior mean, variance and 95% interf@ the Indices using the non-

informative Jeffery’s prior

Index Mean Variance 95% Interval
P 0.7669 0.0280 (0.4470;1.004)
P 0.5138 0.0057 (0.3533;0.6469)
Py 0.6750 0.0158 (0.4196;0.9129)
Sp;Y 2.9700 0.4203 (1.7314;4.2619)
Py 1.7935 0.0315 (1.4390;2.1314)

The corresponding 95% interval in the case of tledgbility-matching prior for3Pp,1 is

(0.4465;1.1015).

Some features of these results worth noting are:
+ The mean of the indicegP,', ,P,"and ;P " 'are less than 1 suggesting that the
process is not capable but the other indices @atey than 1 suggesting that the

process is capable. The process is capable ondalilets are taken over longer

periods.

+ The variance of the indiceg?,"* and ,P,"*" are smaller when compared to the

variances of the other Indices.



l, = 23.
Table 5: Posterior mean, variance and 95% interf@ the indices using the non-

informative Jeffery’s prior

Index Mean Variance 95% Interval

P 0.3753 0.0122 (0.1636;0.5922)
P 0.2515 0.0039 (0.1243;0.3668)
Py 0.3304 0.0081 (0.1525;0.5000)
3P;Y 1.4536 0.1827 (0.6338;2.2937)
Py -0.2138 0.0254 (-0.5347; 0.0851)

The corresponding 95% interval in the case of tledgbility-matching prior for3Pp,1 is

(0.1631; 0.5931).

Some features of these results worth noting are:
e The mean of all the indices excepPpll" are less than 1 suggesting that the

process is not capable. The process is capable thectablets are taken over
longer periods of | months

« The variance of the indicegh,"" and ,P,"** are smaller when compared to the
variances of the other indices.
e The index3Pp,V which was been giving the second highest figur@alahg now

suddenly becomes the lowest and even negative.igfiscause once we know
the month, the third variance component falls awagl the index is computed

using a smaller variance and becomes very sensitigepartures from the mean.



Appendix A6

Pr oof of theorem 6.3.1
1.

If we define y=11KL
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Proof of theorem 6.4.1
The non-informative joint prior:

P(1,0,0,,",01,5) 0 p(u) PO ,0 17,0 1,9
=cx (02,0, ,0,,3)
0o (02+Ko2) (o +Ko i+ IKa )™}
The joint posterior distribution of and g,?,0,>and g7 can be worked out.

The posterior is computed as follows:
Let Y =[Y; Yo Yas Wil

Posterior[ likelihood x prior

p(,u, 0'12,0'122,0'123|X) g Il_ll Iilf! f (Y |u,07,0°,0;7) [(/1’0-12 ol 0.123)
=1 j=1k=

-13K ZZZ iik 1

= (012+022+032) 2 eXp(

" (o, 2+ 2)} oo+ Koo+ Ko+ IKo )

l
Do, 2" (07 +Ka, )2 (02+ Ko +IKa ) Al

1{v1n1 wmo, vom, R U S §

ex
Pe o’ (07+Ko)?) (0/+Ko,+IKo,) (0. + Ko, +IKo ;)

1
ol (0} +Ko2)(ol+KaoZ+IKo))




1w,+2)

—1v3+
0(02) 2 (02 +Ko?) 2 a2+ Ko 2+ IKa) 2 I

exp{_i{ KG.=0°  vm . vm +\m}}

2| 07 +Ko2+JIKo? ol+Kol+JIKo? o+ Kol of

This is the joint posterior of all the parameters.

2 (07 +Kao? + IKo?

= UK -4)°
p(ﬂ’012’0-122'0-1232|Y) {(J + Kol+ IKo))? expﬁ— Ve ))
L+ -1 V,+ -1 vyt
(02) P (07 +Ka?) 2)(af+KJZ+JKU§) 2" x

v,m, v,m, vum
expE= +
pC 2{0 +Ko?+JKo: o2+Ko? 2

The function inside the curled brackets on thetrlgind side is therefore proportional to
the marginal joint distribution of the variance quonentss,*, 0,?,0.°.

The joint posterior distribution of the variancemmonents is given by

(V1 2) (Vz 2) (V3+2)

p(0-1210-12210-1232|X)D (01) 2 (U + Ko 2 >t JKD'g) 2

exp 21 VM, Lo m  him
2| 07 +Ko?+JIKo? o?+Kog? o?
1 2 1 1 2 1

02+ Ko?) 2

-Gnt2) —%+2)
(@2) % exp= {1'“1}) (02 +Kop) 2 expl-o{—2 3
p(azaza 2|Y)= 2" (0 +Koy
1'¥12 »~123 | = 7(V3+2) rns
g?+Kol2+IKo?) 2 exp= 3
(o, ) 5) p(2(1+K02 +JK03)})

i.e.

V.
p(0-1210-122’0-1232|X): |G(012|V_21;V1m])x IG(012+ KUzZlV_ZZ;V n)x Qo f+ Ko 22+ JKr §|_§;V 4}

where



1G(x|f)= - expt )

l.e. the inverted gamma density with positive paetarsa and 3.

The function inside the square brackets just abaten regarded as a function gf, is

proportional to the conditional distribution of armal distribution for which the mean is:
E(ulY,0f,03,03) =¥
and variance:

2 2 2
o; +Ko; +IKo;

Var(u|Y,07,0%,0%) = K

o’ +Ko? +JKo?
IIK

e plY~ NG, )

Proof of theorem 6.4.2

lll. We showthatE(m,) = (g + Ko,* + JKo))

vum = KY (V.- Y)?

i=1

E(wm)= K B Y. - V)

i=1

E(wm)= 3K § (X -)-(Y -4 |

i=1

E(vim) = K3 B (V.4 + (Y= -2V =) (X0 |

i=1

E(v,m,) = JK;( EOY. - )+ B( Y- 1)) -2 fiv..—u)((EY—u)Z)j

! Var(\=(i__ |u,0.2,0,2,07)+ Var(?(... |u,02,0,°,05°)

= - ZCOV(_Yi-- \p,0.°,0,° 05 Y. oo, o)



o’ +Ko,?+JIKa ) (J +Ko,’+IKo) _(0,/+ Ko, + IKo )
E(vam) = JKZ( JK N[ TP 3

+ + 7+ 24 2, 2,
E(v,m) = IK (0 +K0," +IKay) | (0, +Ka,*+IKa ) _, (g +Ka, JKo )
JK 1IK 1IK

E(v;m)=( 107 + Ko, + Ko })+ (0, + Ko 2+ IKo ) —2(0 + Ko [+ Ko ) )

E(v;m)=(1(g7+ Ko, + IKa?) - (0} + Ko+ IKo ) )

(vsmy) =
(vsmy) =
E(v,m) = (0] + Ko/ + JKo/)(1-1)
E(vom)

v,m)=(o’+ Ko+ Ko, since v,= I-1

)= (07 +Kao,”+IKa v,
VS

E(m, = (02 + Ko’ + JKo ).

Proof of theorem 6.4.3
We want to derive the posterior distribution gf=¢+r. (i =1...,1) givenY and the

variance components?,o; and g2. To do this we derive the posterior distributidn o

4 given u,07, 02,02 andY which is normally distributed.

Yy SH+T+G 5, i=4..,1, j=1..,J and k=1., K
where

i ~N(0.0%), G ~N@o?) and & ~ N (007 )

Therefore

U+t ~N(u,0) or simply g~ Nu,o0,°) since gy =pu+ 1

The posterior distribution ofz |Y, ¢,0,7,0,° is now calculated as follows



p(u 1Y, p,07,0,7) 0 |'l H FOY T 4) ()
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— v L FkE 1(y - p)?
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J_f_(.,k—u.)zzzz(m Y)+(Y u))
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:ii( ik - )+ IKCY -4
Therefore
ZJ:ZK:(YIJK _?)2 v 2 2
2 12 g2 _l)EE K. —4)” (K —H)
p(ljl |X’ /j’a-l ,0-2 ’0-3 )D & 2 0-12 +0—22) N (0-12+ KO—ZZ) * 0-32

We omit all factors that involv¥, but do not depend op.

Therefore:



13K -4 (4 -

Y, u,07,0,7) 0 expg —= R
P 1Y, p,0,7,057) F{z{(alz_'_Ka.zz)

IK(Y_ -4

=
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—) —
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JK JY J ?
=:ui2(— )— 7 (—' i 2;4_/1_2
( +K02 ) 03 ( 1 +K022) 03 (Ul +K0—23 03
=2
_ 2((0 +K0’2 )+JK0’3 ) ((J +Ko,)u+ JY0'3) JY +,u_2
( +K 2) 3 ( +K022)03 ( 12+ K0-23 032
— =2
1 2 (07 +Ka, ),u+JKYa JKY Y7
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(01 +K02 )03 L (01 +K02 )+JK03 (01 + KO’ZZ) o
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0’ +Ko, +JKYO’
1 (07 +Ko,?)+IKo?
(2012 * K20-22)0-322 (012 + Ka’zz),u+JK?032
(0" +Ko,”+IKo*,) (02 +Ko )+ IKa
— E 2
I 1[04 Ko+ IKY oS
o’ o) (02+Ko,)+IKo
2
5 ! | 1~ ((J *Ko, )'U+JKYJ )| +otherterms
(01 +K0—2 )0-3 ( 1 +K02 )+JK03

(07 +Kao,”+IKo?,)

If we drop all terms which do not

p(u |Y, 1,07

,0,2,0,7) we get

involve i

in

not involving .

the expression for
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0 +Ko, )+ JK?J32
(07 +Ko,?)+IKo?

y~ (¢
p(i 1Y, 1,0.,0,°,0°)0 exq -

N~

(0 +Ko)o,?
(07 +Kao,”+IKa?)

o +Ko, )+ JKUsz?..

This is proportional to a normal distribution W'mhean(( 5 5 5
(o +Ko,%)+IKo,

) and

(0" +Kay)oy’

variance—; 5 5
(g°+Ko,”+IKo?)

(02 +Ka)u+IKaY | (02+ Koo !

i.e. d Y) )0-2!0-2’0-2~ N !
H, |_ H,0; 2 3 \ (0_12 +K0.22)+JK0-32 )(0'12+ K0'22+ \JKUZQ

We will now derive the posterior distribution of = ¢+r. (i =1...,1) givenY and the
variance components;?, o> and g;. To do this we firstly appeal to the derived pdste

distribution of i given 1, o7, 07,0 andY which is normal with mean

JKJﬁ? L (o’ + Ka,)u

E(y |1, 07,02,02,Y) =
W 1m.0y,02,05.Y) (02 +Ko,)+IKo,? (07+Kao,)+IKo,’

and variance

2 2 2
(Jl + KJZ )0-3

Var(u |u,0?,02,0%,.Y)=
(ILII |IL[ 1 2 3 _) (0_12 + K0_22+JK0_23)

= 2 2 2
Since u|Y,0?7,0%,0% ~ N{Y..., %G KZZK+ Ko,

}, it follows thaty given o7, o7and

o? will be normal with mean

KoY, (67+Ka)
(02 +Ko ) +IKo (0°+Ko)+IKo

<

E(y |0},0;,07.Y)= and variance

Var(y |Y,07,03,03)= E{Var( | Y. u,07,0302} + Var{ E@ | Xu.07,0% 07 }
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(07 +Ko+IKo?) | 1IK(o+ Ko+ IKo?)
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(02 +Ko,2+IKo?) | ° 1K

_ (6’ +Ka)) UKa? +0,+Ka,?
(07 +Kao,”+IKo?) 1IK

Pr oof of theorem 6.5.1

= 2 2 2
, =, 0; +Ko; +JKo.
since ulY,o?,02,02~ N Y, . 2
IJK
=1 \7...—I 1
2 ElX’le’o-Zziagva ° 1 I_
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JK JK
-1 $ =1
H 1|X'01210221032~N S 1 9i|
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Proof of theorem 6.6.1
The integrated likelihood function is given by

-1y, -1, L+
Ly, 02,02,02|Y) 0 (07) 2" (02+ Ka) 2" (g 2+ Ko 2+ Ko § 2™ x

|
IKY (Y, — 1)
exp _E |Z:1: Vi, v,m, +V1ml
2| o7 +Kol+JIKo? ol+Ko: of
2 -Iu 2 2 -, 2 2 s+
O(07) 27 (07 +Kad) 2% (o +Ko i+ IKa)) 77 7 x
1 WKY.-gf . vm o wm,vm
exp 2| P +Ko2+IKo? 02+ Ko+ IKo? o+ Ko? o2
1 2 3 1 2 3 1 2 1

The Fisher information matrix is obtained by diéfetiatinglog L (¢,07,07%,02|Y) twice

with respect to the unknown parameters and takimgisrthe expected values.

The Fisher information matrix is given as:



Fll FlZ F13 F14
F, F,, F, F
F(,U,Ulz,U;,U;) - F21 F22 F23 F24
31 32 33 34
F41 F42 F43 F44

where

1, -1, Aye
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LU WK L vm vem vm
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o (v, +1)IK ) _ _ (,+DXK
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Further



ar v, v, (v, +1) L1 UKy

002 207 2(0%+Ko?) 20i+Koi+JIKo?) 2(gf+Ka§+JKJ§)2

2(af+KU§+JKU§)2 2(012+K022)2 2(012)2
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2
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and we knovE(m) =07, E(m) = (07 + Ko,?) and E(m) = (g + Ko,” + JKa ).

Therefore
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The inverse of the Fisher information matrix isegivoy



FY' F12 F13 Fu
F21 F22 F23 F24
F31 F32 F33 F34
F4l F 42 F 43 F 44

Fi(uof,0;,0)=F (@)=

ol + Ko+ IKo?
(v, +1)IK

whereF! =

F12 Fleo.Fl3:F3l:0.F 14:F 4]:Q
e _ 1 V, (v, +1)I°K* |
|H |4(cf +Ko3) (o7 +Kai+IKa)®

F23: -1 J2K3V2(V3+1) — E32.
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34 _ _Vl(V3+1)JK2 B
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We are interested in the probability matching prfor (3P1p|)1 the lower process
performance index.

Letd=[y, 0.°,0,%,0,’] . The capability index is
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Define as before
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For a prior77(6) to be a probability-matching prior, the differettequation
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The probability matching prior is
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