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SUMMARY

In this scription, Bayesian statistics is employed to simulate and estimate the

reciprocal of the coefficient of variation g=H The reciprocal of the coefficient of
o

variation is used to compare the returns of three commodities, namely gold,
platinum and oil. Results indicate that oil has a higher probability to outperform
the other two commodities but there are no significant differences in the
reciprocals of the coefficients of variation among the three commodities
according to the credibility intervals (Bayesian confidence intervals) over the
period from January 1980 to April 2007.

Bayesian inference has a number of advantages. A full Bayesian analysis
provides a natural way of taking into account all sources of uncertainty in the
estimation of the parameters. Uncertainty about the true value of the reciprocal of
the coefficient of variation is incorporated into the analysis through the choice of

a vague prior distribution.

The Bayesian simulation procedure employs the posterior distribution in doing
the simulations. The procedure can be useful in solving the portfolio selection
problem. Results show that the Bayesian simulation approach is just as good if
not better than the standard classical statistical approach in assessing the
performance of an investment. The added advantage of the Bayesian approach
is that, from the posterior distribution of the reciprocal of the coefficient of
variation, we are in a position to obtain quantiles, credible regions and perform

other inferential tasks.

KEY WORDS: Bayesian analysis, Coefficient of variation, Moments, Monte Carlo
simulation, Non-informative prior, Pearson’s curve, Portfolio selection, Posterior
distribution.
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1. Introduction

Portfolio selection is an important part of investment. It is often of interest to
compare relative returns of three or more different investments such as gold,
platinum and oil shares in order to make a choice among the three. Gold is often
advertised as an inflation hedge, so many investors think that owning the metal
provides constant insulation from the ravages of inflation (Zigler, 2009). But, what

is a best inflation hedge; gold, platinum or oil?

The standard deviation can be used to compare risk among investments that
have the same expected rate of return. The standard deviation is an absolute

measure of dispersion of returns.

Another way to compare risk/return is to use the coefficient of variation. Suppose
an investment has a returnr . The return r is often assumed to be normally
distributed with mean x and variance o”. The coefficient of variation is defined
as V=2 where o is the standard deviation of return and MU is the expected
U
rate of return. The coefficient of variation is used to compare the relative
variability of two or more investments if there are major differences in the
expected rates of return. The coefficient of variation indicates risk per unit of
expected return. A larger value of the coefficient indicates greater risk

(dispersion) relative to the mean rate of return (Reilly and Brown, 2003).

The reciprocal the coefficient of variation is defined asé?:ﬂ. It indicates

o
expected return per unit of risk. A larger value of the coefficient indicates greater
return relative to the risk measure.

In this paper a Bayesian simulation approach and Pearson curve approximations
are used to asses the relative returns of three investments when there are major

differences in the values of the risk measure (standard deviation). The reciprocal



of the coefficient of variation is used to select among the three investments. This
paper also investigates an overall testing procedure for testing the equality of
N =3 investments return (gold, platinum and oil) with differing values of risks.
The analysis will be done from a Bayesian simulation point of view. The problem

naturally occurs when comparing three or more investments.

To simplify matters we assume that an investor would like to compare three
investments and determine which one will give the better performance based on
relative return. The investor obtains data from each of the investments and
estimates the coefficient of variation or it's reciprocal. The objective of this
problem then consists of identifying the investment that has the highest
performance based on the observed estimates of the reciprocal of the coefficient

of variation.

The following hypothesis is specifically of interest and would be considered:

H oo o
° 0-1 0-2 0-3

Hl:ﬁ:&ﬂ for at least at one value of i#k (1=12,3k=12,3).
g O

4 and o, are the mean and the standard deviation respectively, of each of the

investments.
2. Literature review

In Bayesian analysis, we assume that we have prior knowledge or information or
opinion about parameters of a statistical distribution and very often in practice we
do. We then attach a distribution to this belief. Parameters do not really have a
distribution, parameters are constants, and so a prior distribution is a way of
expressing our belief or opinion on our parameters. A posterior distribution is the

belief distribution of the parameters after the outcomes of experiments (data)



have been observed. There is now an updated belief distribution in light of the
information from the data (Hoshino, 2008).

To explain it in more detail: The information contained in the prior is combined
with the likelihood function (distribution of the data) to obtain the posterior
distribution of the parameters. Inferences about the unknown parameters are
based on the posterior distribution. If the form of the posterior distribution is
complicated, Monte Carlo simulation procedures or numerical methods like
Pearson curves approximations or Cornish—Fisher expansions can be used to
solve different complex problems such as hypothesis testing, credibility intervals

(Bayesian confidence intervals) and ranking and selection.

Let r, be return for period j from a random sample of size n observations from

the i"(i =1,2,3) investment, and we have

as estimates of 4 and o, respectively.

It is assumed that there is no restriction on sample sizes drawn from the N =3
investments. A random sample in these cases is assumed to imply that the
random variables (namely gold, platinum and oil) observed from each of the
investment are mutually independent and identically distributed. The classical

estimate of the reciprocal of the coefficient of variation & is

>
I

O ||



2.1 Bayesian model

Al

We assume that r(i=12,3j =1,2.-n, ; are independently and identically
normally distributed with mean g and variance g, ?. Since both 4 and o,* are

unknown and only ‘vague’ information is available, the conventional non

informative prior:
n(p,0,°) 00~ (2. 1)

will be specified for them.

Equation (2.1) is however the reference prior and it is also a probability-matching

prior. It is also called the independence Jeffreys’ prior because it is obtained from
the Fisher information matrix for o;* only, i.e. treating the location parameter
separately from the variance component g * . According to Box and Tiao (1973)

it is usually appropriate to take location parameters to be distributed

independently of scale parameters.

Using (2.1), it is well known (see for example Zellner, 1971) and it is proved in

the Appendix that the conditional posterior density of £ is normal:

Mla3n~N£R£ij (2.2)
- N

and the posterior density for the variance componentg; ?, is given by

1in-1)-
2(q1)1
(

p(a,° 1) =C(6, ) " exp[-1 (- 1s* Ig ?| g *>C (2. 3)

=1G(a*|r)
an inverted gamma density, wherer, =[r..,r,,....r,, ], , and the normalizing constant

“17in;,

is
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i.e. the inverted gamma density with positive parametersﬂi:%(n -1)s?

1
da. ==(n -1).
anda; 2(n )

_ 2
From (2.3) it follows that (”0—12)5 ~ X (2.5)

From classical statistics (if s° is considered to be random) it is well known that

(n -1s°
o2

is also distributed chi-square with (n —1) degrees of freedom. This

agreement between classical and Bayesian statistics is only true if the prior
(o ?) 00 % is used. If some other prior distributions are used, for example

2
m(u,o ?) 00 or n(y,o ?) Oconstan then the posterior distribution of w
O

will still be a chi-square distribution but the degrees of will be different.

3. The posterior distribution of g=H

o

As mentioned from a Bayesian point of view posterior distributions are of

importance, in evaluating . One of the aims of this note is therefore to derive

the exact posterior distribution of H:E and also approximated posterior
o

distributions of d, =8 -4, (1=1,2,3 k=12,{and i Zk).



The following theorem can be proved.
Theorem 3.1

The posterior distribution of H—E is given by
o

Jnexp - zw N

~

o)

(3.1)

where v=n-1, 0=

Proof

The proof is given in the Appendix.

As far as we know, the derivation of the posterior distribution of H:E (equation
o

3.1) has never been done before.

It is easy to prove (see also Chen and Owen,1989) that the distribution of

A

8=

n <

is given by

<3

Jn 1)
p(g’|6?) \/_ei(/anr( ))io(n%’] ll(;f”g)f(ﬁﬂ) —0<f<om (3.2)

which is a non-central t-distribution with v degrees of freedom and the non-

nu’

centrality parameter d =ng* = e

The two density functions (equations 3.1 and 3.2) look similar but are infact quite

different. In equation (3.1) 6=* is the random variable while in (3.2) @=X is
o S

the random variable.



Although it is not the purpose of this note to study the coverage properties of the

Bayesian confidence or to look at the frequential aspects of the Bayesian

procedure, the long time (long run) properties of E(H‘@) (the expected value of

the posterior distribution) will be of interest. Indeed some statisticians argue that

frequency calculations are an important part of applied Bayesian statistics.

From equation (3.2) it follows that:

E(8l6)= GJZ rr(él)) 6 (3.3)

is not an unbiased estimate of &. Infact E(@|H) >0

For n=10, E(8]6)=1.0942 and

for n=20, E(8]6) =1.0418

From equation (3.1) it can be shown that

1

E(ﬁ‘@) :sz rr(él)) ] (3.3)

which underestimates &
For n=10, E(9|8'):0.9727é and
for n=20, E(H‘@) ~0.986%

Therefore in the long run,

E@[E(e‘é)}:(yfwg

2)  (3)

Which is nearly unbiased and an important improvement on E(@|H).

For n=10, Eg)[E(a‘éﬂ:(o.wz?)(1.094)29: 1.064%

10



and for n=20, Eé[E(e‘éﬂz(o.gseg(1.041)39: 1.028%

This shows that the Bayesian procedure is just as good or even better than the

classical procedure.
4. Methodology

Consider the three investments which are suspected to differ widely in return and
risk (as measured by the standard deviation of returns). From (2.2) and (2.3) it
follows that:

—o? 52
Hna =NG - o) and L~

for i1=12,3

where v, =(n -1) and v;s? =Z(5‘ -1i)2.
=1

4.1 Bayesian significance testing of equality of the reciprocal of the

coefficients of variation.

In this subsection, we show a method of estimating the p-value of the hypothesis
that all the reciprocal of the coefficients of variation for all the commodities are

Hj

equal.
— 0'_2 /’1
4 lo%rn ~N Lr,n;J and therefore =-|r, ~N

N |_= |

1
|

n (1

= — 0 0
g, g, n
&01,02,03 =Ny 2o = o
0-2 0-2 n2

] tsllg o L
_03 ] _0'3_ n3

11



Therefore for given o, ,0, and g,

0~N(,z)
where
a] |, Fl : 1
0=|6,|=|*2|, &= ]and 5=|0 = o0
o o, R n,
3 —
£ LE] 0o o L
_03_ _0'3_ n,

The following null hypothesis:
H, :6=6,=6,
can be split as:
H,:6=6,=0
6=6,=0
to allow us to write the hypothesis in matrix form:

1 -1
H,:C8=0 where C= 0
B 1 0 -

Also for given o, ,0, and g,
Co~N(Cé, )

Therefore we can now use the Chi-square test statistic

T?=[CO-C£|(EC) 7| @~ &~ Xl to test for significant differences
(Hoshino, 2008).

If H, is true, then
T2 =[c£](czC) [ &] gives a x; value.

12



g,,0, andg, are simulated from the posterior distribution. The p-value is not

calculated analytically. Monte-carlo simulation is used to calculate the

approximate p-value of the hypothesis (Hoshino, 2008).
4.2 Simulation of the reciprocal of the coefficient of variation.

The standard routines are used to simulate each of the the reciprocals of the
coefficient of variation (Berger and Sun, 2008).

1. Simulation of ¢ * can be obtained in the following way:
(@ Simulate a )(j variate, as a sum of v, squared independent
standard normal random variates.

A . .
(b) Calculate o0, = 'S; where (*) indicates a simulated value.

_ 0?2
2. By making use of the fact that 4 |r,0 > ~N(r,—) , where r, is data
—_— n —_—
drawn from investment i, simulate  and from the definition of &, ,it

follows that @ can be simulated as

iz
g :[ﬂ_i*J_ N

o (*) indicates a simulated value.

where Z, ~ N(0,1) (i=1,2,3)

13



4.3 Approximated distributions of the differences between the reciprocal of
the coefficients of variation.

As mentioned in section 3, one of the aims of this note is to derive approximated
posterior distributions for d, =8 -4, (1 =1,2,3 k=1,2,2and i k) which will be

used for pair-wise testing. Exact posterior distributions of the differences are

difficult to derive but they can be approximated by

(1) Monte Carlo simulation
(I1) Pearson curve approximations

(111) Cornish-Fisher expansions

4.3.1 Simulation of the differences between the reciprocal of the

coefficients of variation.

Let d, =8 -4 be the difference between the reciprocal of the coefficients of

variation for any two of the investments.

d, = (ﬁJ —[&J and d, can now be simulated as follows
o, O,

2 2
dik* = ?.\/ XViz _E\/ Xsz -"Zi\/I_Zk\/I
Vi§ e n R

where Z and Z, are independently normally distributed with mean 0 and

variance 1. )(fi and )(fk are independent chi-square variables with v, and v,

degrees of freedom respectively.

The null hypothesis H,:8 =6, is rejected when zero is not included in the

100(1- a ) %credible region of the posterior distribution of d, =8 -6, .

14



4.3.2 Plotting the distribution of the differences between the reciprocal of
the coefficients of variation using Pearson curves.

To obtain Pearson curves we must first derive the mean, variance, third and

fourth moments about the mean for d, . As far as we know, these moments have

not been derived before.

The distribution of for instance d,, given )(fl,)(fz is the normal distribution and is

expressed as:

—x X 1.1
A X2 X2 0~ N| 1 [ =1, [, [ =+ =
12|/Y|/1 /YVZL [l\/vlslz 2\/1/2322 [rl QJJ

The following theorem can now be stated.

Theorem 4.1

For given )(f1 and )(fz, denote the first four posterior moments about the origin for

d, by w1/, 15 and ¢/, and the central moments by (4, 1, and 4, , then:

N2/ 1,2 2. 2 — 2, 2
/'12 :£i+ij+ (rl) (/Zle) _ZFIE XVI/YI/Z ~ +(r2) ()(Vz)
n on) | vs) \vsv,g v,
2 AR
e e
n n V.S V,S

3
(S°)?

L7060 0?0 €700 € )?
VS sy e %) ey
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1 1Y (1 1) ()0 ——/ XExE ()
':3_ - 6_ = —1_2 /o 2
o (nfnz] ' Erfnj( v g, 0.9 J

NONCHIN 4(r1)3(r2)()(vf)2 X, o0 )

v:s) wsh: V% V9V, )
_4(?1)(5)3 (/le):(/sz)z . + (rzli (/gvzz)
vsw,sn: %)

Proof

The proof is given in Appendix.
The following theorem can now be stated.

Theorem 4.2

Denote the first four posterior moments about the origin for d,, (unconditional) by
m, m, m and m and also denote the (unconditional) variance, third and
fourth central moments of the difference d,=6,-6, bym,, m and m, then

r_l r(%l)— E I—((szﬂ)}forizl,z

m = E(d,| 1) =2 - -
- {Wlsf r(3) Jv.s? (%)

. AR N S I N &S
nE—Var(du'_r_)—(E"'E]"'[vl 2{V1 rg(%) }+V2%2{V2 rz(%)

16



o1 1Y 1.1) 1 | 2%
m4_3(m+nz) vy {nl nzj(vlf){ r*(%) }
"‘6@) [i.;.ij 1 %
n n)v.s)| r(%)

, 30) {vl(v1+2)+4rz(“z”)[%(vl_2)_Fz(“lz”)ﬂ

s’ | 3 re

.30 {vz(w2)+4r2(”2”)[%(vz_2)_FZ(”Z”)”

—_——

2
s 3 R

. 6(r_1)2 (E)z {Vlvz +4|’2 (VlT”) rz(vzgl) B 2r (2; _ 2r 2(v2+1) Vl}

V.s*)v,s7)

Proof

The proof is given in Appendix.

If n=n,=nand v=(n-1), then

= (71) r,
E(dy, 1) =2 a0 [JE FJ

and

NI

2r’ zﬂ)}{@z +(E)2j
r’(y) |lvs® vs?

Var(d12|£)=%+{v— 2(

For details of how to determine the parameters of a Pearson curve, given the
values of its moments, see for example Elderton (1953) or Elderton and Johnson

(1969). The advantage of the Pearson curve approximation is that the formula of

17



the density can be obtained. A type | Pearson curve can be used to approximate

the posterior distribution of d,, for our data set.

The density of a type | curve is given by:

d N\ d "
f(d,)=Kl1+—=22| |1-22| - ,
=Ko ) (%] -a<aea
where
MM,
3 a,
M = iR—2—R(R+2)\/ A
! 2 B (R+2)° +16(R+ 1)
M, = %R—2+R(R+2)\/ 2'31
B(R+2)"+16(R+ 1)
R — 6(:82_151_1)
(6+3ﬁ1_2ﬂ2)
a+a = %ﬁ\/{ﬁl(mz)%le(m}
R* = [ f(d,)dd,
p _ B.(B,+3) .
4(4p, - 38,)(28,~ 3B,-6)’
with
- M ogg =M
181 ngandgz nﬁ

where m,, m, and m,denote the (unconditional) variance, third and fourth central

moments of d,,.

18



4.3.3 Cornish-Fisher Expansions

The Cornish—Fisher percentage points can be calculated in the following way:

The standardised version of the difference in the reciprocal of the coefficient of
d12 —m

Jm,

as t,. With this definition it follows that a Cornish—Fisher expansion (see Cornish

variation d,, is T =

and the percentage point of level a of T is defined

and Fisher (1937) and Fisher and Cornish (1960)) for the percentage point t, of

T is given by:
1 1 1
f,=2z,+=/ -H+—/ -3z)-—/3(22-5
te =2, 6 3(% ) o 4(£ z) 36 3 ( 2 Z)

where z, is the corresponding percentage point of the standard normal

distribution,
l, :(Kﬁ(r =3,4) and «, is the r —th cumulant of d,,. Also
KZ

kK,=m, k,=m, and «,= m—3m,
The percentage point of level a of d,, is then given by fm/ﬁ+ ms-

5. Example and descriptive statistics

Consider the monthly prices of three commodities, gold, platinum and oil for the

period January 1980 to April 2007. Let B be the price of a commodity at time t
B P . . .
and let r, —Iog( %Hj be the logarithmic return at timet for each commaodity.

This method of calculating the return inevitably assumes that prices are log

normally distributed if r, is then assumed to be normally distributed. We wish to

identify the investment that has the highest performance based on the observed
estimates of the reciprocal of the coefficient of variation of the logarithmic returns

from a Bayesian point of view.

19



Table 5.1: Summary of the observed commodity data.

Commaodity Gold Platinum | Oill
Sample size (n) 327 327 327
Estimated monthly mean logarithm return(ﬂ)

0.000020 | 0.001357 | 0.001842
Estimated monthly standard deviation of the

0.041477 | 0.055984 0.080103
logarithm return (s))
Estimated monthly classical reciprocal of the

. U A

coefficient of variationg =— i=1,2,3. 0.000482 | 0.024239 0.022995

Data sources: Gold: London gold price US$: SARB, Oil: Crude oil (petroleum); simple average of three spot prices-Dated

Brent, West Texas Intermediate and Dubai Fateh US$ per barrel:IMF, Platinum: average of the London PM fix price

USS$:Kitco Bullion Dealers.

The following graphs show the monthly price of the commodities from January

1980 to April 2007.

Gold price
700

600 |

500

400 A
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200 +4—

L
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L
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L

1995

L

1980 2000

L

2005

Figure 5.1: Monthly gold price from January 1980 to April 2007.
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Platinum price
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Figure 5.2: Monthly platinum price from January 1980 to April 2007.

Oil price
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Figure 5.3: Monthly oil price from January 1980 to April 2007.
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The classical estimates of the reciprocals of the coefficients of variation are
generally very low for all the three commodities and suggest investing in platinum
rather than gold or oil. The logarithmic return of oil has a standard deviation
which is about twice that of gold suggesting that investing in oil is very risky when
compared to investing in gold or platinum. The average monthly return of gold is
very close to zero over this period giving rise to a very low value of the reciprocal
of the coefficient of variation.

Figure 5.4 shows the logarithmic returns of the commodities on the same graph.
The zero line is also indicated.

g

-4
-6+
1980 1985 1990 1995 2000 2005
—— Gold return
————— Platinum return
——— Oil return

Figure 5.4: Monthly gold, platinum and oil logarithmic returns from February 1980
to April 2007.
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The greater volatility in the oil return is apparent. Gold and platinum seem to

have similar risk as measured by the standard deviation.
6. Results

The procedure in section 3.1 is used to simulate the reciprocal the coefficient of

variation & =H i =1,2,3 corresponding to gold, platinum and oil respectively.
g

Parts of the simulated values are presented in table 6.1 below.

Table 6.1: Part of the 1000 Bayesian simulated reciprocal of the coefficients of

variation values from the three commodities.

¢ Gold Platinum Qil
b 6, 6
1 0.0142 0.0968 -0.0348
2 -0.0738 0.0632 0.0014
3 0.0684 0.0112 -0.0249
4 0.0867 0.0123 -0.0603
S 0.0582 -0.0364 0.0259
6 -0.0554 -0.1428 0.0487
7 0.0341 -0.0248 0.0841
8 - 0.0064 0.0960 0.0439
1000 -0.0802 -0.0564 0.0586

The Bayesian based significance testing of equality of the reciprocal of the
coefficients of variation and pair wise comparison tests among the commodities
as outlined in section 3.2 and 3.3 is now used to test for equality. In this
application 10 000 simulations were done. The estimated p-value is 0.9999

indicating no significant difference in the log returns of the three commodities.

Pair wise comparisons are nonetheless carried out for the three commodities.

23



For the simulated 4 i=1,2,3 (as illustrated in the columns of table 6.1) define

(0) (0)
H M
—_ )y _ gty — gold | _ oil —_1-
d,=6 -6 —L—am J L—U@J for ¢=1:10000

gold oil

Below is the histogram of simulated d,, values.

3':":":' T T T T T T

mean d12=-0.0244

2500

2000 .

=
[}
=
S 1600 F .
=
o
L
1000 .
500 .
|:| Ir—l
0.4 0.3 0.2 0.1 a 0.1 0.2 0.3

Figure 6.1: Frequency histograms of 10000 simulated differences

d, =604 ~Opainum Values from the two commodities.
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Below is the histogram of simulated d,, values.

3':":":' T T T T T T

2400 mean d13=-0.03203 .

2000 8

Freguency
i
=
(]
T
]

1000 8

&00 8

Figure 6.2: Frequency histograms of 10000 simulated differences

ds =6, — 6, values from the two commodities.
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Below is the histogram of simulated d,, values.

3':":":' T T T T T T

mean dZ3=-0.0075304

2400

2000 8

Freguency
i
=
(]
T
]

1000 - 8
&00 8
|:| l—l— 1 L
0.3 0.2 0.1 a 0.1 0.2 0.3 0.4

Figure 6.3: Frequency histograms of 10000 simulated differences

d,, =6 ... —6,, values from the two commodities.

platinum oil

To construct the percentile credibility interval for the differences d,, = 6,4 = 6,410

we sort the d,"” =6, " -6 ......" values in ascending order so that:

gold platinum
dlz*(l) < dlz*(z) <...< dl;(loOO)
In this application 1000 values of d ,are sorted from least to greatest and the

critical values are found by selecting the value in the position (%)xloooc as the

26



lower bound and the value in the position (1—%)><1000C as the upper bound. The

credibility interval is then constructed as dlz((%)xmoocﬂ—du( (1—% X 1000%.

The 95% credibility interval is d,,(250)—-d,, (9750. The decision rule using these

intervals to test H :—%24 = paium g

agold o

Hl: lugold Z luplatinum

Jgold o

is as follows: Reject

platinum platinum

H,if zero is not contained in the interval mentioned above, otherwise, acceptH, .

A similar procedure is followed for d,; and d,;.

Table 6.2: Results of the pair-wise comparisons of 4.

Test Pair Observed | Simulated | 95% credibility
d, Bayesian | interval
meand,,
Gold vs. Platinum -0.023757 -0.02440 (-0.1803;0.1291]
Gold vs. Oil -0.022513 -0.032080| (-0.1834;0.1227)
Platinum vs. Oll 0.001244 | -0.007680 (-0.16409;0.1427)

The reciprocal of the coefficients of variation of gold and oil do not significantly
differ from one another as zero is included in the interval. The higher returns in oil
are offset by the greater volatility. The other comparisons among the

commodities give similar results.

A Pearson type 1 curve for the difference d,, =6,,,-6

g is given in figure 6. 4.

platinum
As mentioned, the advantage of the Pearson curve is that it's a formula which

can then be used to plot the theoretical distribution.
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Figure 6.4: Pearson type 1 curve for the difference d, =6, ,-6 of the two

g platinum

commodities.
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A Pearson type 1 curve for the difference d; =6, -6,

old is given in figure 6.5.

55 T T T T T T T T T

£ . .

] m (8] m = m
T T T T T T
| | | 1 | |

Probahility distribution

—
m
T
|

—
m
T
|

45 04 03 02 01 a 0.1 0.2 03 04 0.5

Figure 6.5: Pearson type 1 curve for the difference d,,=6,,-6, of the two

commodities.
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Figure 6.6: Pearson type 1 curve for the difference d,,=8

commodities.

Zero is included in the 95% credibility interval in all three cases indicating that
there are no significant differences in the reciprocals of the coefficients of

variation among the three commodities over the stated period.

The problem of selecting the best commodity can also be looked at from a
ranking and selection perspective. In the past 30 years, beginning with the
fundamental papers of Bechhofer (1954) and Gupta (1956), ranking and
selection procedures have been developed to overcome the inadequacy of
testing procedures. From a Bayesian point of view, ranking and selection is quite
simple. To calculate the probability that oil, say, performed better than gold, we

assign a rank to each simulation in a row (table 6.1). The highest of the &'in the

row is assigned a rank of 1, and the lowest value is assigned a rank of 3, the
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other value necessarily gets the rank of 2. The ranks are shown in table 6.3

below.

Table 6.3: Part of the 1000 rankings of the Bayesian simulated coefficients of

variation values from the three commodities.

! Gold Platinum o]
Ranking | Ranking | Ranking

O IN|O OB W NP

WININ [P |P [P WN
P WWWINN PP
NP (P IN|WWIN|W

1000 3 2 1

The ranking results are now summarized in table 6.4 below.

Table 6.4: Summary of the 1000 rankings of the Bayesian simulated coefficients

of variation values.

Frequency | Gold Platinum | Oil
of g 6, 6,

1's 205 353 442
2's 299 369 332
3's 496 278 296

The required probabilities can now be calculated by dividing the above

frequencies by 1000. The probabilities are given in table 6.5 below.
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Table 6.5: Probabilities that a given commodity is ranked 1%, 2nd or 3" in terms
of return per unit of risk.

Gold Platinum | Oil
Probabilities ) 6, o,

Prob(rank8 =1) | 9205 |0353 | 0.442
Prob(rank 8 =2) | 9299 |0369 |0.332

Prob(rank & =3) | 9496 | 0278 |0.226

Whilst oil has the highest probability (0.442) of being ranked 1% using the
reciprocal of the coefficient of variation of the logarithmic returns, there is almost
an equal chance that that it will be outperformed by a portfolio in gold and
platinum. Platinum has the highest probability (0.369) of being ranked 2" and
gold has the highest probability (0.496) of being ranked 3.

7. Conclusion

In this paper, the reciprocal of the coefficient of variation g=* is used to

o
compare the returns of three commodities, namely gold, platinum and oil, using a
Bayesian approach. Results indicate that oil has a higher probability to
outperform the other two commodities but there are no significant differences in
the reciprocals of the coefficients of variation among the three commodities
according to the credibility intervals (Bayesian confidence intervals) over the
period from January 1980 to April 2007.

Bayesian inference has a number of advantages. A full Bayesian analysis
provides a natural way of taking into account all sources of uncertainty in the
estimation of the parameters. In the paper, uncertainty about the true value of the
reciprocal of the coefficient of variation is incorporated into the analysis through

the choice of a non informative prior distribution.
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Appendix

Proof of equation 2.3

The likelihood of n independent and identically normally distributed random

variables is:

(4,02 1) 0 p(n |4, 552)

where § :Z(E —f)z.

It is convenient to define s* = il

If we take the vague prior, then

p(,0°|1.) 0 (a2 p(r |4 .G %)
D(Uiz)_l(az)_wexp( As+n(r-x }/0]
D(Uiz)—n/zl ( {S"‘n r /1’ j

For reasons which will appear later it is convenient to set
vi=n-1

in the power of g;%, but not in the exponential, so that
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p(t4, 077 |1) O (Uiz)_(w)/z_lexp(‘%{$ + F‘(F‘N)z}/q 2]

Marginal distribution of the variance

If knowledge about o ? rather than g is required, 4 is integrated out from the

posterior distribution.

p(o[1) = [ p(k .0 % 17 )y
o[ (o 2)'g'le><p(—%{$ +n(y -Tr)z}/a.r 2] dy
7 [(o 2)_2_lexp(—%{s +n(u —Tr)z}/a. 2) dy

0(a2) " exp(—%s/afﬁﬁ exp{——;(ﬂi —_r)z/(af/m)} dy

7(02) ™ exp(~3/97?)
=(0_i2)_(vi/2+1) exp(—%/Uiz) , Where v, =n -1

as the last integral is that of a normal density.

It follows that the posterior density of the variance is 1G ("7%) Except for the

fact that n is replaced by v. =n -1

Conditional density of the mean for given variance

The joint posterior can be written in the following form
p(,0°[1.) = P@” 1. )PW 171 )

LG |
Thus p(ﬂi|Uiz,ri.)=M
= plgr)
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P71 0 () ex %: s nl- }/h']

p(a? 1) 0 (a /p( s/aj

This implies that

MMIQZ{)D(QZYWGM{-%nQ{-Ffﬂxﬂ

which as the density integrates to unity implies that

2 L 1 1 - 2
p(4 | o; ,L)—Wexl{‘i W - )Z/(Ui /n )j

that is, for given o;* and r, , the distribution of the mean 1 is N(Fi,aiz/n).

Proof of theorem 3.1
Since u|o®,r ~N [rFJ and

k=YS _ 2 itfollows that

H|§,K~ N(a\/;,%j

where a=

S

Therefore
0] o

:*/HI [{ ge a\/_)ZJKZ exp( gjdk

N
Ni<
=
—

Now
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exp{—g @-a/k )Zj: exp{—g 0’ - Palk +a*k j

2 2
=ex _ne +nad K_naK
2 2

Since

exp(naH«/; )= i (nea\/;)

o !

it follows

o
QIx

and substituting a=—, the posterior distribution of 8=~ is

2
ﬁexp(_ no

Proof of theorem 4.1

From section 4.3.1

=T X, ey X,
1 1 VlS-LZ 2 VZSZZ

1 1
it
n n

and now

. v (11 [0 ——/ XoxZ ()X
2 = H, 1) T 5 2hh — °

b (1) [nfnzj{ v s 0.9 }
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M 3= s+ 3ud + ()
3
1 X2 — | X \/){V \/)(V
=0+3 —+—||r =T = |+ - 2
[nl nzj[ \/ 25 2\/VZSfJ [ S %ZJ
{3
a1, 1 ) 4
nl n2 1%. 252 (Vlslz)E

(rl) (le) (rz)()(vz)z (rl)()(vl)z (r 2) (sz) q. 2) 3()(1/2)2
vs)) (v.s)

w

V.8, )2 V.8 )2 V.8 )2

W o= M+ g g+ O T+ ()
:3{(i+_1]} +0+ r_l\/ /\/1/21 _ 2\/ /\/v2 (_4__1]
non vst \v.sf [ n n
5]
vs? s
23{( 1, i]}zm W00 5o [ x| @00 ( 1, irj
n n (v,s°) v,sv,s  (vV,9S) n

MO AR (rz)(xvl)z /xuz RAPECHIBRCH)
v,

(Vls.l. ) (VlSl )2 (V1§_ ) (Vz § )
fF o o
131 v, 322) 2 25

1 1Y (1 (AHCH) xexz ()’
:3 4 6 [ 1 _Z 1 2 2
(nfnj ' (n_l nj[ (v.8) vigv.§ .9 ]

MO AR (rz)(xul)z /xuz APEPECHICH
vis)* Vo8 V)V, )

(s’ )2
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Proof of theorem 4.2

Since the inverse gamma distribution is given by

G(xla,B) =5 x"expB/)

(@)
with
® :Ba —a-1 —
Io mx exp(—'% x=1

and therefore
g B/ \_T(@)
J‘O X lexp( A)_ ﬁa
_ . 1 2 _ Vs 1 v
For the inverse gamma in 2.3 and 2.4 3 :E(r\ -1)s ='—2 anda, :5(0 ‘1):—2'-
163 S I 6
this integral is 2 v v|_12 1o 2 1
ustle JYSLEIMSLE o) Ul
2 2 2 2 2
_e |- /X - | X,
E(dlz |_r|) = EXé[rl E\J_ EXSZ[rZ EJ

Var(d, | 1) = E, . (Var(d,| )+ Var, . (E(d, 1)
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() %)

—\3 —\3
All the other terms cancel out except the (rl) and (rz)

Consider only the (r_1)3terms

("2522)g (%) (1/2%2)72 (%) (vos?)? r(%) l_(v2§)§ r

Now
r(#2)=(=5)r (45) and r (=2) = (=) ()
Therefore
5 () s 6 () @ ") ) )
P 2 O . AN W VT B W2 gy -V W U M e B Vo S
v () () M(2) vy T g )
PP O ML POV B v L Y ol PN L
vy T3 s T3 vs) T e T)
~2 (r_l)3 r(lgl){vl+1_3/l}+4\/—2 @ %)

(l/lsf)g r (V?l) (vl§2)g r (%)
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=(;)3[ 2 f P |2 () - _(r—)s[ 2 f () |2 (%) @,
Slast) ) ry) 2 ) TSt ey) | ry) 2

as required.

The fourth moment

1 1Y)
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=301 (nl nz]

M 4=y + A+ 6 Y, + ()

H,=3 —+— +0+6 (r [X"l (rz /XVz
V,S

— /Xi = /Xé
+ (1) s (r,) Vz%ZJ
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2
— X~ /)(52
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1 Vi 252 2%
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Fourth moment about the mean unconditional
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